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Abstract 

Topological bases of behaviour of trajectories for autonomous differential systems of 
the second order on sphere are stated. Stereographic atlas of trajectories is constructed. 
Differential connections between trajectories of stereographically conjugate differential 
systems are established. The behaviour of trajectories in an neighbourhood of infinitely remote 
point of the phase plane is investigated. Examples of global qualitative research of trajectories 
of stereographically conjugate differential systems are given. 
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Introduction 


Research object is ordinary autonomous polynomial differential system of the second order 


dx 

dt 


Y X ki x ^v) = X (x,y), 

k =0 


dy 

dt 


Y Y ki x iv) = Y i x ,y), 

k =0 


(D) 


where X k and Y, are homogeneous polynomials of degree k, k = 0,1,..., n, on variables 
x and y such that \X n (x,y)\ + \Y n (x,y)\ ^ 0 on M 2 , and polynomials X and Y are 
relatively prime, i.e. they have no the common divisors which are distinct from real numbers. 

This paper is a continuation of researches stated in [1] and the main results of this paper 
were originally published by the author in the articles [2] and [3]. 


§1. Stereographic atlas of sphere 
1. Stereographic projection of plane 

Let’s introduce three-dimensional rectangular Cartesian coordinate system 0*x*y*z*, 
combined with the right rectangular Cartesian coordinate system Oxy, meeting conditions: 
the straight line OO * is orthogonal to plane Oxy , the length of the segment 00* is equal 
to one unit of the scale of the system of coordinate Oxy ; the axis 0*x* is codirected with 
the axis Ox, the axis 0*y* is codirected with the axis Oy, and the axis 0*z* is directed 
so that the system of coordinate 0*x*y*z * will be right; a scale in the system of coordinate 
0*x*y*z* same, as well as in the system of coordinate Oxy. We will construct the sphere 
with the centre O* of unit radius: 

5 2 = {{x*,y*,z*): x* 2 +y* 2 +z* 2 = l}. (1.1) 

Points 1V(0,0,1) and 5(0,0, — 1) are according to northern and southern poles of this 
sphere. Thus the southern pole 5(0,0, — 1) coincides with the beginning 0(0, 0) of the system 
of coordinate Oxy. The equation z* = — 1 is the equation in the system of coordinate 
0*x*y*z* of the plane Oxy. The plane Oxy concerns by sphere (1.1) in the southern pole 
5(0,0, -1). 

On the plane Oxy arbitrarily we will choose the point M(x,y) and we will spend the 
ray with the beginning M through the northern pole N. The ray MN intersects the sphere 
(1.1) in some point P. Thereby to each point of the plane Oxy there correspond one point 
of the sphere (1.1), and to each point of the sphere (1.1), except the northern pole, there 
correspond one point of the plane Oxy. Such projection is called stereographic projection 
of plane on sphere [4, pp. 83 — 84]. The point N is said to be the centre of stereographic 
projection (Fig. 1.1). 

Lemma 1.1. Stereographic projection of plane is hijection between plane and sphere 
without northern pole (centre of this projection). 

To spread correspondence to all sphere (1.1), we will arrive as follows. On the plane Oxy 
we introduce conditional infinitely remote point , which is pre-image of the northern pole 
IV(0,0,1) by the stereographic projection. 

The plane Oxy plas the infinitely remote point (the image of this point under the 

stereographic projection of the plane Oxy on the sphere (1.1) is the northern pole 1V(0, 0,1)) 
is called the extended plane Oxy and is denoted by Oxy, i.e. Oxy = Oxy U . 

The extended plane Oxy consists of two parts: final (the plane Oxy) and infinite (the 
point ). Then, by the stereographic projection, for any sequence {M k } of points M. of 
the plane Oxy such that these points are leaving in infinity (tend to the point ), we get 
the unique correspondence sequence { P k } of points P k of the sphere (1.1) such that these 
points are tend to the northern pole 1V(0,0,1). 
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Suppose the point M is lying on the plane Oxy and has coordinates M(x, y). Then, this 
point in space coordinate system 0*x*y*z* has the coordinates M(x,y, — 1). The straight 
line MN in the coordinate system 0*x*y*z* is the system of equations 

x* y * z* — 1 
x y — 2 

Using the stereographic projection with the centre in the northern pole iV(0,0,1), we 
obtain to the point M(x,y , — 1) corresponds the point P(x*,y*,z*), which is the point 
of intersection of the straight line MN and the sphere (1.1). Therefore the coordinates 
x*, y*, z * of the point P are the solutions of the algebraic system of equations 


x* y * 1 — z* 

x y 2 


.2 +2 .2 
x +y + z 


= 1. 


( 1 . 2 ) 


Assume that the point P(x*,y*, z*) lies on the sphere (1.1) and is not the northern pole 
N(0, 0,1). Then the applicate of this point is z* € [ — 1; 1). Further, we solve the system of 
equations (1.2) for x*, y*, z* at — 1 ^ z* < 1, and have the bijective reflexion 


x*(x,y) = 


4>n- ( X :V) ->• {x*(x,y),y*(x,y),z*(x,y)), 
4x 4 y 


(1.3) 


x 2 + y 2 + 4 


y*(x,y) = 


x 2 + y 2 + 4 


z*(x,y) = X 2 J for all (x,y) € 
aU + y + 4 


of the plane Oxy on the sphere (1.1) without the northern pole 1V(0,0,1). 

The coordinate functions of map (1.3) are continuously differentiable. The Jacobians 


D (x*,y*) = _ , x 2 + y 2 - 4 D (x*,z*) = y 

D (x,y) (x 2 + y 2 + 4) 3 ’ D (x,y) (x 2 + y 2 + 4) 3 ’ 


D (y*,z*) = _ x 

D(x,y) (x 2 + y 2 + 4) 3 


for all (x, y) € M 2 


at the same time are nonvanishing in any point of the plane Oxy. 

Hence, taking into account Lemma 1.1, we obtain the next statement. 

Theorem 1.1. The stereographic map (1.3) of the plane Oxy on the sphere (1.1) without 
the northern pile N(0, 0,1) is a diffeomorphism. 

The basic property of the diffeomorphism (1.3) [5, columns 222 - 223]: an angle between 
curves on the plane equals to the angle between stereographic images of these curves on the 
sphere. 
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2. Stereographic atlas of sphere 

On the plane, that concerning the sphere (1.1) in the northern pole N(0,0, 1), we 
introduce the right rectangular Cartesian coordinate system 0*uv such that its origin 
O*(0,0) coincides with northern pole N(0, 0,1) of sphere (1.1), the axis 0*u is codirected 
with the axis 0*x *, the axis 0*v is codirected with the axis 0*y* (Fig. 2.1). Scale in the 
coordinate systems Oxy, 0*x*y*z*, and 0*uv is identical. 

If the point M* in the plane 0*uv has coordinates M*(u,v), then this point in the 
space coordinate system 0*x*y*z* has coordinates M*(u,v, 1). The straight line M*S in 
the coordinate system 0*x*y*z* is defined by the system of equations 

x * y* z* + 1 

u v 2 


The image of the point M*(u,v, 1) by the stereographic projection with the centre in 
southern pole 5(0,0, — 1) of the sphere (1.1) is the point P(x*,y *, z*), which is the point 
of intersection of the straight line APS and the sphere (1.1). Therefore the coordinates 
x*, y*, z* of the point P are solutions of algebraic system of equations 


x* _y* _ z* + 1 
u v 2 


2 2 2 
x* + y* +z* = 1. 


( 2 . 1 ) 


Let us consider the point P(x*,y*, z*) such that this point lies on the sphere (1.1) and 
this point is not southern pole 5(0,0, — 1). Then its applicate z* G ( — 1; 1]. 

Having resolved the system of equations (2.1) rather x*, y*, z* at — 1 < z* ^ 1, we 
receive the bijective reflexion 


x*(u,v )= 


4 u 


^s'- ( u ’ v ) { x *( u ,v),y*(u,v),z*(u,v)), 

Av ..., s u 2 + v 2 — 4 


( 2 . 2 ) 


u 2 + v 2 + 4 


, y*(u,v) = 


u 2 + v 2 + 4 


, zpu,v)= - 


u 2 + v 2 + 4 


for all (■ u, v ) G ] 


of the plane 0*uv on the sphere (1.1) without the southern pole 5(0,0, — 1). 

The coordinate functions of map (2.2) are continuously differentiable. The Jacobians 


D (x*,y*) u 2 + v 2 — 4 

D (u,v) ^ (u 2 + v 2 + 4) 3 ’ 


D (x*,z*) v 

D (u,v) ^ (u 2 + v 2 + 4) 3 ’ 


D (y*,z*) 
D(tt, v) 


64 


u 

( u 2 + v 2 + 4) 3 


for all (u, v ) G M 2 


at the same time are nonvanishing in any point of the plane 0*uv. 

Therefore the stereographic map (2.2) of the plane 0*uv on the sphere (1.1) without the 
southern pole 5(0,0, — 1) is a diffeomorphism. 

The plane 0*uv plas the infinitely removed point (the image of this point under the 
stereographic projection of the plane 0*uv on the sphere (1.1) is the southern pole 5(0,0,-1)) 
is called the extended plane 0*uv and is denoted by 0*uv, i.e., 0*uv = 0*uv U . 

Let us cover the sphere (1.1) by two spheres U 1 and U 2 , without accordingly the northern 
pole 1V(0,0,1) and the southern pole 5(0,0, —1): 


and 


u x = < 


2 2 2 
: x* +y* +z* = 1, 

- 1 < z* < i) 

U 2 = { 

(x*,y*,z*): 

2 2 2 
: +y* + = l, 

- 1 < z* < ij 
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We introduce the diffeomorphic maps 

Pi ■ (x*, y*, Z *) ->• (x(x*, y*, z*), y(x*, y*, z *)), 


x(x*,y*,z*) = 


2x* 


1-z*’ 


2v* 

y(x*, y*, z*) = --- for all (x*, y*, z*) € U v 

1 — z* 


(2.3) 


P 2 : (x*,y*,z*) -> (u(x*,y*,z*), v(x*,y*,z*)), 


u(x*, y*, z*) = 


2x* 


1 + z* ’ 


v{x\y\z*) = 


2 y* 


(2.4) 


1 + z* 


for all ( x*,y*,z *) € U 2 . 


The map (2.3) is inverse to the map (1.3). Therefore the map (2.3) is diffeomorphic map of 
the sphere U 1 without the northern pole N( 0, 0,1) on the plane Oxy, i.e, it is stereographic 
map of the sphere (1.1) on the plane Oxy from the centre in the northern pole JV(0,0,1) 
[5, columns 222 - 223; 6, p. 37]. The map (2.4) is inverse to the map (2.2). Therefore the map 
(2.4) is diffeomorphic map of the sphere U 2 without the southern pole 5(0,0, — 1) on the 
plane 0*uv, i.e, it is stereographic map of the sphere (1.1) on the plane 0*uv from the 
centre in the southern pole 5(0,0, — 1). 

Thus two charts and (U 2 ,(p 2 ) °f sphere (1.1) are constructed. The set of charts 

(U 1 ,(p 1 ) and (U 2 ,<p 2 ) are a stereographic atlas of sphere (1.1) [6, p. 103]. 

Let us establish connections between the local coordinate systems Oxy and 0*uv of 
stereographic atlas of sphere (1.1). The stereographic maps (1.3) and (2.2) are inverse to the 
maps (2.3) and (2.4) of the stereographic atlas of sphere (1.1), respectively, i.e., 

¥t = Yv\ Yv = ^r 1 and P 2 = V’j 1 , ^ s = p 2 1 - 

Combining sequentially two diffeomorphic maps xji N and ^r -1 , we obtain the 
diffeomorphic map (Fig. 2.1) 

P 21 = Y’s 1 0 Vv = P 2 0 Y’at (2-5) 

of the plane Oxy without the origin 0(0,0) on the plane 0*uv without the origin O*(0,0). 

Using the analytical representations (1.3) and (2.4) of the maps ip N and ip 2 , we get the 
analytical representation of the diffeomorphic map (2.5) in the form 

P 21 : 0*5 y) “TWTr) f° r a11 (x,y) € M 2 \{(0,0)}. (2.6) 

V x z + y z ar + y z / 

The coordinate functions 

u : (x, y) —»• 2 2 , v:(x,y)-± 9 2 for all (x, y) € M 2 \{(0,0)} (2.7) 

x z -\- y ar + y z 

of the diffeomorphic map (2.6) are functions of transition [6, p. 99] from the local coordinates 
(u,v) to the local coordinates (x,y) of the stereographic atlas of sphere (1.1). 

The diffeomorphic map 

( AlU Av \ 

9 , 2 ’ 2 , 9 ) for all (u,v) € M 2 \{(0,0)} (2.8) 

u z + v z u z + / 

has the coordinate functions 

Au A'v 

x: (u,v) - 9 , y:(u,v)—> —5 - 2 for all (u, v) € M 2 \{(0, 0)}. (2.9) 

ar + ir ar + v L 

The coordinate functions (2.9) are functions of transition from the local coordinates (x, y) 
to the local coordinates (u,v) of the stereographic atlas of sphere (1.1). 
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The diffeomorphic map (2.8), which is received as inverse map to the map (2.6), is an 
analytical representation of the map 

Pi2 = Vv 1 °^ s = ri°^ s 


of the plane 0*uv without the origin O*(0,0) on the plane Oxy without the origin 0(0,0). 

Theorem 2.1. The diffeomorphic m.ap (2.6) and the identity m.ap of the plane Oxy on 
itself are a group of the second order. 

Indeed, the transformation (2.6) is bijective 


(x,y) 


^21 


4x 


4y 


x 2 + y 2 x 2 + y 2 


¥>21 


4- 


4x 


x 2 + y 2 


4x 


\ V x 2 + y 2 


+ 


4 y 


x 2 + y- 


2 ’ 


4 .__ \ 

x 2 + y 2 

( 4x \ 2 / 4 y \2 

\x 2 +y 2 ) \x 2 + y 2 ) ) 


(■ x,y ) for all (x,y) € M 2 \{(0,0)}, 


and also, (^ 21 °-^ = ^° 9 9 2 i = T 21 an( i 7o/ = f where /: (x, y) —>• ( x,y ) for all ( x,y ) € M 2 .B 


§2. Stereographically conjugate differential system 
3. Bendixon’s transformation 


Bendixon’s transformation of the phase plane Oxy of the differential system (D) is the 
transformation 


x = 


4it 

u 2 + v 2 ' 


4v 

y 2 i 2 ■ 

U z + V z 


(3.1) 


This transformation is constructed by the function of transition (2.9) from the local 
coordinates x, y to the local coordinates u, v of the stereographic atlas of sphere (1.1). 

By Bendixon’s transformation (3.1), we reduces the differential system (D) to the 
differential system [7, p. 239] 


du 

dt 

dv 

dt 



f 4 u 

4v ^ 

-—Y( 

' 4 u 

4v \ 

V u 2 + v 2 ’ 

u 2 + v 2 ) 

2 Y ' 

< U 2 + V 2 1 

u 2 + v 2 ) 


uv / 4u 

2 V u 2 + v 2 





+ 



4it 

u 2 + v 2 


rr 



U (u,v), 

(3.2) 

V (u,v). 


Since X and Y are polynomials, we see that the system (3.2) has the form 

du U(u,v) dv V(u,v) 

dt ( u 2 + v 2 ) m ’ dt (u 2 + v 2 ) m ’ 

where U and V are polynomials such that they are not dividing simultaneously on u 2 + v 2 , 
and m is an nonnegative integer. 

The autonomous polynomial differential system 

ff = U(u,v), ^- = V(u,v), (3.3) 

dr dr 

where (u 2 + v 2 ) m dr = dt, and the polynomials U and V are relatively prime, is called 
stereographically conjugate to the differential system (D). 

Taking into account Theorem 2.1, we obtain the system (D) is stereographically conjugate 
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to the system (3.3). And, using Bendixon’s transformation 

4 y 


4x 


u = 


2 I „2 1 


x 2 + y 


v = 


x 2 + y 2 ’ 


we get the system (3.3) is reduced to the system (D). The differential systems (D) and (3.3) 
are stereographically mutually conjugate. 

The phase plane Oxy (the extended phase plane Oxy ) of the differential system (D) 
and the phase plane 0*uv (the extended phase plane 0*uv ) of the differential system (3.3) 
are said to be stereographically conjugate. 

4. Form of stereographically conjugate differential system 

The form of the differential system (3.3) (this system is stereographically conjugate to the 
system (D)) depends on whether divides on x 2 +y 2 or not divides on x 2 + y 2 the polynomial 

W n : (x, y) -> xY n (x, y) - yX n (x , y) for all (x, y) G M 2 . 

If W n (x, y) ^ {x 2 + y 2 )P(x, y) on M 2 , where P is some polynomial, then the differential 
system (3.3) has the form 
, 2 2 n n 

U £> 2 + u 2 )"- J ' Xj^uAv)-^- ^2(u 2 + v 2 r^ Y^AuAv) = u 0 (u,v), 


dr 


j =o 


3=0 


(4.1) 


u 2 — v 2 


J2 (n 2 + V 2 ) n ~ j Yj(4u, 4v) = V 0 (u,v), 


3=0 


%= -f + X j{ 4u,4v) + 

3=0 

where (u 2 + v 2 ) n dr = dt. 

Suppose W n (x,y) = (x 2 + y 2 )P(x,y) for all (x,y) € M 2 , where P is some polynomial 
and the case P(x,y) = 0 for all (x,y) € M 2 is not excluded. 

Now if the identities hold 

- 2 y(xY n _ r+1 (x,y) - yX n _ r+1 (x,y)) - {x 2 + y 2 )X n _ r+1 (x,y) = (x 2 + y 2 ) k ~ r+1 K r (x,y), 

2 x(xY n _ r+1 (x,y) - yX n _ r+1 (x,y )) - (x 2 + y 2 )Y n _ r+1 (x, y) = (x 2 + y 2 ) k ~ r+l Q r (x,y) (4.2) 

for all (x, y) € M 2 , r = 1 ,..., k, 

where the natural number k such that 2k ^ n + 2, K r and Q r , r = 1 ,...,k, are some 
polynomials, then the differential system (3.3) has the form 


du v 2 — u 2 


d9 k 4 

K 3=0 


Y ( u 2 + v 2 ) n - j ~ k X j (4 U, 4v) - -X Y ( W 2 + v 2 ) n - j ~ k Yj(4u, 4v) + 


3=0 


+ Y 1 K r(^Av) = U k (u,v), 


r— 1 


(4.3) 

, n—k 2 2 n —k 

-£-= - Y ^(» 2 + » 2 )"^-' ! y( i u ,i v ) + 'L^L ^(u 2 + » 2 )”-^ l g( 4u,4v) + 


k 3=0 

k 


3=0 


+ Y^ 4 2fc 2r 1 Q r (4tt, 4u) = V k (u, v), where (u 2 + v 2 ) n k dO k = dt. 


r =1 
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Example 4.1. Consider the autonomous differential system 

Kl + \K\ 7 ^ 


dx -rr / dy 

— = a 0 = X(x,y), — = b 0 = Y(x,y), 


(4.4) 


with W Q (x, y) = b 0 x — a 0 y ^ (re 2 + y 2 )P(x, y) on M 2 , where P is some polynomial. 
The stereographically conjugate system to the differential system (4.4) is the system 


du ci n o b n ci n 9 

— = - -X u 2 - — uv + - 2 - v\ 
dt 4 2 4 ’ 


dv b 0 2 a 0 b 0 2 

dt 4 2 4 ’ 


l a ol + l^oI 7^ 0- (4-5) 


Example 4.2. Let us consider the autonomous linear system 

dx dy 

= a 0 + a 3 x + a 2 y = X [x, y ), — = o 0 + b 3 x + b 2 y = Y(x, y), 


(4.6) 


dt ^ 0 

where |a 1 | + |a 2 | + 1 | + \b 2 \ / 0 . 

If \a 1 —b 2 \ + \a 2 + b 1 \ ^ 0, |a 4 | + |a 2 | + |&i| + 16 2 1 7 ^ 0) then the stereographically conjugate 
system to the autonomous linear system (4.6) is the differential system 

du 


dr 


dv 

dr 


— — ct-^u — (&2 H - 2 b^u v + {ct\ — ‘Zby^juv + — 


— - a 0 u 4 — 2b 0 u 3 v — 2b 0 uv 3 + - a 0 v 4 = U 0 (u,v), 


(4.7) 


= b^ 6 — (2a 4 — b 2 )u z v — ( 2a 2 + b 1 )uv z — b 2 v 6 + 6 0 n 4 — 2a 0 u 3 v — 2a 0 uv 3 + b 0 v A = V 0 (u,v), 


where (it 2 + v 2 ) dr = dt. 

If b 2 = a 1 , b 1 = — a 2 , |a 4 | + |a 2 | 7 ^ 0, then the stereographically conjugate system to the 
autonomous linear system (4.6) is the differential system 


du a n 2 K a o 2 tt / \ 

— = - a lU +a 2 v - — u --UV + — V = U^v), 

dv . K 2 «o K 2 _ Tr , x 

— = - a 2 'ti-a 1 u +j n - — uv - — v =V 1 {u,v). 


(4.8) 


Example 4.3. Consider the autonomous quadratic system 

dx 2 ■> .. x 

— = a 0 + a 3 x + a 2 y + a 3 x + a 4 xy + a 5 y = X(x,y), 


dy 

dt 


= b 0 + byx + b 2 y + b 3 x z + b A xy + b 5 y z = Y(x, y) 


(4.9) 


where \a 3 \ + |a 4 | + |a 5 | + |& 3 | + \b 4 \ + | 6 5 | / 0 . 

If |a 5 — a 3 + 64 1 + |a 4 + b 3 — b 5 \ / 0, |a 3 | + |a 4 | + |a 5 | + | 6 3 | + |b 4 | + | 6 5 | / 0, then the 
stereographically conjugate system to the system (4.9) is the differential system 

du 

= — 4 a 3 u 4 — 4(a 4 + 2 b 3 )u 3 v + 4(a 3 — 26 4 — a 5 )u 2 v 2 + 4(a 4 — 2 b 5 )uv 3 + 4a 5 u 4 — 

— a 4 n 5 + (2 b 1 — a 2 )u 4 v — 2b 2 u 3 v 2 — 26 1 it 2 u 3 + (a 4 — 2 b 2 )uv 4 + a 2 v 5 — (4.10) 

— ^ « 6 — -y u 5 u — ^ n 4 u 2 — b 0 u 3 v 3 + -fu 2 v 4 — ^j- uv 5 + v 6 = U 0 (u,v), 


dr 
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du 

— = 4 63 rt 4 + 4 (b 4 — 2 a 3 )u 3 v — 4(6 3 + 2 a 4 + b 5 )u 2 v 2 — 4(6 4 + 2a 5 )uf 3 — 46 5 u 4 + 
+ fqu 5 + (b 2 — 2a 1 ) , u 4 v — 2 a 2 u 3 f 2 — 2a 1 rt 2 f 3 — (6 1 + 2a 2 )m; 4 — b 2 v 5 + 


+ ^4 u 6 — ^4 w 5 f + ^4 u 4 f 2 — a 0 u 3 v 3 — ^4 u 2 f 4 — ^4 uv 5 — ^4 f 6 = V 0 (u,v), 
where ( u 2 + v 2 ) 2 dr = dt. 

If a 4 = 6 5 — 63 , a 5 = a 3 — b 4 , | 6 2 — a 4 | + | 6 4 + a 2 | + |2a 3 — 6 4 | + \b 3 + b 5 \ / 0, and 
|a 3 1 + 165 — 631 + |a 3 — 641 + 1631 + 1641 + 1651 / 0 , then the stereographically conjugate system 
to the system (4.9) is the differential system 

du 

— = — 4a 3 u 2 — 4(6 3 + b 5 )uv + 4 (a 3 — b 4 )v 2 — a 4 u 3 — (a 2 + 26 4 )n 2 v + 


dB 


dv 


+ (a 1 — 2 b 2 )uv 2 + 2a 2 v 3 — ^4 u 4 — ^ u 3 v — ^4 uv 3 + ^4 f 4 = u), 


(4.11) 


— = — 46 3 it 2 — 4(6 4 — 2 a 3 )uv + 46 5 n 2 + b 4 u 3 + (b 2 — 2a 4 )u 2 u — 

— ( 6 4 + 2 a 2 )uv 2 — b 2 v 3 + ^u 4 — ^-u 3 v — uv 3 — ^4 u 4 = ^(u, u)j 
where (tt 2 + v 2 ) dO = dt. 

If a 4 = 26 5 , a 5 = - a 3 , 63 = - 65, fe 4 = 2a 3 , 6 2 = a 1; 64 = - a 1? |a 3 | + \b 5 \ / 0, then 
the stereographically conjugate system to the system (4.9) is the differential system 


du , a n 9 b n a n 9 rr . 

— = — 4ao — a-itt + a 2 v - u - uv H- v = U 2 (u, v), 

dt 3 1 2 4 2 4 2V ’ 

(if 6„ 9 a n 6 n 9 ta / n 

— = 46c: — a 9 it — a.r H-ir- uv - v = V 2 (u , v ). 

dt 5 2 1 4 2 4 2V ’ ; 


(4.12) 


5. Stereographic atlas of trajectories for differential system 

Using the plane 

{(x*,y*,z*): z* = 1 — £Ti}, 0 < £4 < 1, 

we divide the sphere ( 1 . 1 ) on two parts and take the part 

S 2 = {(x*, y*,z*): x* 2 + y*~ + z*~ = 1, — 1 ^ z* < 1 — £ 4 } 

without the northern pole 1V(0,0,1). Number £4 € (0; 1) such that stereographic images of 
all equilibrium states and the isolated closed trajectories of system (D), which are lying in 
the final part of the extended phase plane Oxy , are located on the part S 2 of sphere ( 1 . 1 ). 

Let the circle K(x,y) be the circle lying on the phase plane Oxy with the centre in 
the origin of coordinates O and being pre-image of the part S 2 of sphere ( 1 . 1 ) by the 
stereographic projection with the projection centre in the northern pole N( 0, 0,1) (Fig. 5.1). 
Using the plane 

{(**, y*, z *) ■ z * = e 2 -!}, 0 < £ 2 < 1 , 

we divide the sphere ( 1 . 1 ) on two parts and take the part 

S 2 = {(x*,y*,z*): x* 2 +y* 2 +z* 2 = 1, £ 2 - 1 ^ z* < 1}, 
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without the southern pole 5(0,0, — 1). Number e 2 £ (0; 1) such that stereographic images 
of all equilibrium states and the isolated closed trajectories of system (3.3), which are lying in 
the final part of the extended phase plane 0*uv, are located on the part Sf of sphere (1.1). 



Fig. 5.1 

Let the circle K(u,v ) be the circle lying on the phase plane 0*uv with the centre in 
the origin of coordinates O* and being pre-image of the part 5f °f sphere (1.1) by the 
stereographic projection of the plane 0*uv with the projection centre in the southern pole 
5(0,0, -1) (Fig. 5.2). 



The ordered pair (K(x, y), I\ (u, v)) of the circles K(x,y ) and K(u,v) with trajectories 
of systems (D) and (3.3) plotted on them is called stereographic atlas of trajectories for system 
(D). Then (by Theorem 2.1) the ordered pair (K(u,v),K(x,y)) is stereographic atlas of 
trajectories for system (3.3). 

Correspondence between the circles K(x,y ) and K(u,v) is shown on Fig. 5.3. 

Using the numbers 1,... ,40, we reflect correspondences between halfneighbourhoods of 
points, which are lying on the coordinate axes and concentric circles with the centre in the 
origin of coordinates. 
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Fig. 5.3 

Example 5.1. Trajectories of the differential system (4.4) are the parallel straight lines 

b 0 x — a 0 y = C, C € R. 

Trajectories of the differential system (4.5) are the equilibrium state O*(0,0) and 
adjoining curves to this equilibrium state 

h ° u „ ~ a i v = C*, M + M + 0, C* € R, C* = AC. 
u z + v z 

The behaviour of trajectories on the sphere (1.1) for the stereographically mutually 
conjugate systems (4.4) and (4.5) is represented on Fig. 5.4 for a 0 = 1, b 0 = 0 . 

The circles on Fig. 5.5 are stereografic atlases of trajectories for systems (4.4) and (4.5). 




Notice that the equilibrium state O*(0,0) of the homogeneous quadratic system (4.5) 
is complicated and consists of two elliptic Bendixon’s sectors, which are limited by the 
trajectories-rays of the straight line v = 0 . 

Example 5.2. Trajectories of the linear system 


dx dy 

Tt =x ’ -dt =y 


(5.1) 


are O-rays of the family of straight lines 

Cjy + C 2 x = 0, C ll C 2 £ R, 

and the equilibrium state (unstable dicritical node) 0 ( 0 , 0 ). 
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Trajectories of the stereographically conjugate system 


du 

~dt = ~ U ' 


dv 

dt 


= — v 


are O-rays of the family of straight lines 

C x v + C 2 u = 0 , C 1 ,C 2 € R, 

and the equilibrium state (stable dicritical node) O*( 0 , 0 ). 


(5.2) 



The behaviour of trajectories on the sphere (1.1) for the stereographically mutually 
conjugate systems (5.1) and (5.2) is represented on Fig. 5.6. The stereographic images of 
trajectories for the differential systems (5.1) and (5.2) on the sphere (1.1) are semicircles of 
meridians of sphere ( 1 . 1 ), which are adjoining to the northern and to the southern poles, and 
also the northern and the southern poles of sphere ( 1 . 1 ). 

The circles on Fig. 5.7 are stereographic atlases of trajectories for systems (5.1) and (5.2). 

Example 5.3. Trajectories of the linear system 


dx dy 

dt dt 


(5.3) 


are the concentric circles 


x 2 + y 2 = C, C G (0; + oo), 
and the equilibrium state (centre) 0(0,0). 




The direction of movement along trajectories for the differential system (5.3) are defined 
by the tangential vectors 

a(x, y) = (y, - x) for all (x, y) € R 2 \{( 0 , 0 )}. 


12 
























V.N. Gorbuzov 


Stereographically conjugate differential systems 


Trajectories of the stereographically conjugate system 


are the concentric circles 


du 

dt 


= v , 


dv 

dt 


— u 


(5.4) 


u 2 + v 2 = C *, C* € (0; + oo), C* = 4C, 
and the equilibrium state (centre) O*(0, 0). 

The stereographic images of trajectories for systems (5.3) and (5.4) on the sphere (1.1) 
are parallels, the northern and the southern poles of sphere (1.1) (Fig. 5.8). 

The circles on Fig. 5.9 are stereographic atlases of trajectories for systems (5.3) and (5.4). 

Example 5.4. Trajectories of the linear system 


dx 

— = x — y, 
dt 


dy_ 

dt 


x + y 


(5.5) 


are the logarithmic spirals 

(x 2 + y 2 ) exp^ — arctan — ^ = C, C G (0; + oo), 


and the equilibrium state (unstable focus) 0(0,0). 

Trajectories of the stereographically conjugate system 


du 

dt 


— u — v 


dv 

dt 


= u — v 


(5.6) 


are the logarithmic spirals 

(■ u 2 + v 2 ) exp^ — arctan — j = C*, C* € (0; + oo), C* = 40, 

and the equilibrium state (stable focus) O*(0,0). 

Trajectories of the stereographically mutually conjugate systems (5.5) and (5.6) on the 
sphere (1.1) are represented on Fig. 5.10. The circles on Fig. 5.11 are stereographic atlases of 
trajectories for the differential systems (5.5) and (5.6). 




Example 5.5. Trajectories of the linear system 


dx dy 

dt ’ dt 


(5.7) 


are O-curves of the family xy = C, C € R, and the equilibrium state (saddle such that its 
separatrices are the coordinate O-rays) 0(0,0). 


13 












V.N. Gorbuzov 


Stereographically conjugate differential systems 


Trajectories of the stereographically conjugate system 

-j-= —u 3 + 3uv 2 , _ _ 3 u 2 y _|_ y 3^ (u 2 + v 2 ) dr = dt, (5.8) 

dr dr 

are O *-curves of the family 

uv 

- — = c*, C* € R, C* = 160, 

(u z + v z ) z 

and the complicated equilibrium state O*(0,0). This equilibrium state is consisting of four 
elliptic Bendixon’s sectors, which are limited by the coordinate 0*-rays and organised by 
lemniscates of Bernoulli. 

The behaviour of trajectories on the sphere (1.1) for the stereographically mutually 
conjugate systems (5.7) and (5.8) is represented on Fig. 5.12. The circles on Fig. 5.13 are 
stereographic atlases of trajectories for the differential systems (5.7) and (5.8). 




Fig. 5.12 



Example 5.6. Trajectories of the linear differential system 


dx 

It = ;C ’ 


d V r, 

~t =2v 


are 0-curves of the family 

0 1 y + C 2 x 2 = 0, C 1 , C 2 € R, 

and the equilibrium state (simple unstable node) 0(0,0). 

Trajectories of the stereographically conjugate system 

= — u ^ — 2,u V 2 , — = —2v 3 , (u 2 + v 2 ) dr = dt, 

dr dr 


(5.9) 


(5.10) 


are O* -curves of the family 
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C^v(u 2 + v 2 ) + C 2 * u 2 = 0, Cl, Cl g R, Cl = C v Cl = 4 C 2 , 

and the complicated equilibrium state (stable node) O*( 0 , 0 ). 

The behaviour of trajectories on the sphere (1.1) for the stereographically mutually 
conjugate systems (5.9) and (5.10) is represented on Fig. 5.14. The circles on Fig. 5.15 are 
stereographic atlases of trajectories for the differential systems (5.9) and (5.10). 





Fig. 5.14 Fig. 5.15 


Example 5.7. Trajectories of the linear system 

dx dy 

— = x + y, — = y 

dt dt 

are O-curves of the family 

y exp (——')= C, C £ R, 

V yJ 

and the equilibrium state (unstable degenerate node) 0 ( 0 , 0 ). 
Trajectories of the stereographically conjugate system 


(5.11) 


— = — u 3 — u 2 v — uv 2 + v 3 , — = — u 2 v — 2uv 2 — v 3 , (u 2 + v 2 ) dr = dt, (5.12) 

ar ar 

are O* -curves of the family 

„ expf — — ) =C*, C* G R, C* = 40, 
ur + v z V v / 

and the complicated equilibrium state (stable node) O*(0,0). 

Trajectories of the stereographically mutually conjugate systems (5.11) and (5.12) on the 
sphere (1.1) are represented on Fig. 5.16. The circles on Fig. 5.17 are stereographic atlases of 
trajectories for the differential systems (5.11) and (5.12). 
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i3. Trajectories of stereographically conjugate differential systems 


6. Regular points and equilibrium states 
of stereographically conjugate differential systems 

Suppose the point M(x,y ) of the phase plane Oxy is distinct from the origin of coordi¬ 
nates 0(0,0). Then the image of the point M(x,y ) of the phase plane Oxy for system (D) 

4x 4 y 


under the diffeomorphic map (2.6) is the point M* 


of the phase plane 


a 2 + y 2 ’ x 2 + y 2 , 

0*uv for system (3.3) and the point M* is distinct from the origin of coordinates O*(0, 0). 


Let the image of the origin of coordinates 0(0,0) of the extended plane Oxy be the 
infinitely remote point of the stereographically conjugate extended plane 0*uv, and let 

the image of the infinitely remote point of the extended plane Oxy be the the origin 

of coordinates O*(0,0) of the stereographically conjugate extended plane 0*uv. 

Then such extension of the map p 2 1 is the bijective map TpTfij of the extended phase plane 
Oxy of system (D) to the extended phase plane 0*uv of system (3.3). The points M and 
M*, O and and O* are stereographically mutually conjugate. Also a curve l on 


the extended plane Oxy and its image l* on the extended plane 0*uv under the map TpTfij 
are stereographically mutually conjugate curves. 

The map (2.6) is the superposition (2.5) of stereographic maps. Then, taking into account 
the basic property of stereographic projection (Subsection 1), we get 

Property 6.1. Angle between curves is equal to angle between stereographically conjugate 
curves to them 

A point of the phase plane Oxy is a regular point of system (D) if this point is not an 
equilibrium state of system (D). The infinitely remote point of the extended phase plane 

Oxy is called regular infinitely rem.ote point of system (D) if the origin of coordinates O*(0, 0) 
of the phase plane 0*uv is not an equilibrium state of system (3.3). If the point O*(0,0) is 
an equilibrium state of system (3.3), then the infinitely remote point of the extended 

phase plane Oxy is infinitely remote equilibrium state of system (D) of the same form. 

Thus every point of the extended phase plane Oxy is either a regular point or an 
equilibrium state of system (D). Every trajectory of system (D) on the extended phase plane 
Oxy is an equilibrium state or consists of regular points. 

The map (2.6) of the plane Oxy without the origin of coordinates 0(0,0) to the 
stereographically conjugate plane 0*uv without the origin of coordinates O*(0,0) is 
diffeomorphic. Then, by Property 6.1, for trajectories of the stereographically mutually 
conjugate systems (D) and (3.3) on the extended phase planes Oxy and 0*uv, we have 
Property 6.2. Stereographically mutually conjugate points of the extended phase planes 
Oxy and 0*uv are simultaneously either regular poits or equilibrium states for the same 
form, of the differential systems (D) and (3.3). 

Since the map (2.6) is the superposition (2.5), we have 

Property 6.3 (6.4). The image of closed curve on the plane Oxy, which is passing (not 
passing ) through the origin of coordinates 0(0,0), is not closed ( closed ) curve on the stereogra¬ 
phically conjugate plane 0*uv, which is not passing through the origin of coordinates O*(0, 0). 
For example, using calculations and the Bendixon transformation (3.1), we obtain 
Property 6.5. The image of: 
a) a circle 

(:x + a) 2 + (y + b) 2 = a 2 + b 2 , \a\ + |6| 0, 

which is passing through the origin of coordinates 0(0,0) of the plane Oxy, 
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b ) a circle 

(x + a) 2 + (y + b) 2 = r 2 , r > 0 , r 2 / a 2 + 6 2 , 

which is not passing through the origin of coordinates 0(0,0) of the plane Oxy, 

c ) a circle 

x 2 + y 2 = r 2 , r > 0 , 


with the center in the origin of coordinates 0(0,0) of the plane Oxy, 

d) a point A(a,b), |a| + \b\ 0 , which lies inside ( outside ) of a circle 


x‘ 


+ y 2 = r 2 , r > 0 ; 


e) a straight line 

Ax + By = 0, |A| + \B\ / 0, 

which is passing through the origin of coordinates 0(0,0) of the plane Oxy ; 

f) the coordinate straight line x = 0 (y = 0) of the plane Oxy, 

g) a straight line 

Ax + By + 0 = 0, |j4| + \B\ 0, C / 0, 

which is not passing through the origin of coordinates 0(0,0) of the plane Oxy, 
on the stereographically conjugate plane 0*uv is: 

a) the straight line 

au + bv + 2 = 0 ; 

b) the circle 


u + 


4 a 


a 2 + b 2 — r 2 


+ [v + 


46 


4 ?’ 2 


c) the circle 


a 2 + b 2 — r 2 ) ( a 2 + b 2 — r 2 ) 2 ’ 

4 


u 2 +v 2 = -2 ; 


d) the stereographically conjugate point 

A-' ia 


46 


. a 2 + 6 2 ’ a 2 + 6 2 / ’ 
which lies outside ( inside ) of the circle 

9 ? 4 

ir + ir = ; 

e) t/ie straight line 

Au + Bv = 0, 

which is passing through the origin of coordinates O*( 0 , 0 ); 

f) the coordinate straight line u = 0 (v = 0 ); 

g) the circle 

2AO ( 2BO 4(A 2 + B 2 ) 

u + ~c) + \ v + ~c) ~ O 2 


which is passing through the origin of coordinates O*( 0 , 0 ). 

The stereographically mutually conjugate differential systems (5.1) and (5.2) were 
considered in Example 5.2. Trajectories of these systems (Fig. 5.6 and 5.7) lie on the straight 
lines, which are passing through the origins of coordinates 0 ( 0 , 0 ) and O*( 0 , 0 ) of the phase 
planes Oxy and 0*uv accordingly (Property 6.5, case e). 
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Example 6.1. If we replace x by x—l and y by y — 1 in the linear differential system 
(5.1), then we obtain the the linear differential system 


dx dy 

~dt =x ~ ’ Tt^ v ~ ' 


( 6 . 1 ) 


Trajectories of the linear differential system (6.1) are the unstable dicritical node A(l, 1) 
and ^4-rays of the family of lines 

—-= C, — oo ^ C ^ + oo. 

x—l 

Trajectories of the stereographically conjugate differential system 

du 1 0 1 1 o dv 1 0 1 1 


— = — u -\— u 2 H— uv - v 2 — = — v - u 2 H— uv H— v 2 

dt 4 2 4 ’ dt 4 2 4 


( 6 . 2 ) 


are the dicritical nodes O*(0,0) (stable) and ^4*(2,2) (unstable), the segment O* A* without 
endpoints, O*- ray, A*-r&y of the straight line v = u, and the arcs of the circles 


u — 


2 C 
C - 1 


+ u + 


C- 1 


2 _ 4 (C 2 + 1) 
“ (C- l ) 2 


C£ 


which are adjoining to the equilibrium states O* and A* (the centres of circles he on the 
straight line u + v — 2 = 0 ). 

The circles on Fig. 6.1 are stereographic atlases of trajectories for the differential systems 
( 6 . 1 ) and ( 6 . 2 ). 



The stereographically mutually conjugate differential systems (5.3) and (5.4) were 
considered in Example 5.3. Trajectories of these systems (Fig. 5.8 and 5.9) are the concentric 
circles, which are collapsing to the centres O and O* accordingly (Property 6.5, case c). 

Example 6.2. If we replace x by x—l and y by y — 1 in the linear differential system 
(5.3), then we get the the linear differential system 


dx 

dt 


= y- 1, 


dy_ 

dt 


— x + 1 . 


(6.3) 


Trajectories of system (6.3) are the center A(\, 1) and the concentric circles 
(x — l ) 2 + (y - l ) 2 = C, C E (0; + oo). 

Trajectories of the stereographically conjugate system 


du 1 9 1 1 9 

— = v + - u — — uv —r v 


dt 4 2 4 

are the straight line u + v — 2 = 0 , the circles 


dv 1 9 1 1 9 

— = — u -\— rr H— uv - v 

dt 4 2 4 
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( 4 \ 2 / 4 \ 2 16 C 

i U ~2^c) + i V ~2^c) = (2 — C) 2 ’ (0; 2 ) u (2; +°o), 

the centres O*(0,0) and A*(2,2). 

The circles on Fig. 6.2 are stereographic atlases of trajectories for the differential systems 
(6.3) and (6.4). 



Example 6.3. Trajectories of Jacobi’s system 
dx 


dt 


= 1 + x — y + x(x + y — 1 ), 


dy_ 

dt 


= y(x + y- l) 


are the curves of family 

x 2 + (y - l) 2 

y 2 v x 

Among these curves are the straight line y = 0 and the unstable focus A(0,1). 


exp( — 2 arctan —-) = C, 0 ^ C ^ + oo. 


(6.5) 




Trajectories of the stereographically conjugate system 


^ — 4 v? — 4 uv + u 2 v + 2 uv 2 — u 3 — — u 4 T u 4 , 

dd 4 4 


dV / n qIoIo 

— = v I — 4u — 4u — u + 2un + v - u - uv 

du V 2 2 


( 6 . 6 ) 


where (u 2 + v 2 )dd = dt, are the curves of family 


16u 2 + (u 2 + v 2 — 4v) 2 


exp ( — 2 arctan ■ 


4v — u 2 — v* 


4 u 


= C*, 0 ^ C* ^ + oo, C* = 16 C. 


Among these curves are 0*-rays of the straight line v = 0, the unstable focus A*(0, 2), and 
the complicated equilibrium state O*( 0 , 0 ), which is consisting from hyperbolic, elliptic and 
accompanying it two parabolic Bendixon’s sectors. 
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The circles on Fig. 6.3 are stereographic atlases of trajectories for the differential systems 
(6.5) and (6.6). 

Example 6.4. If we replace x by x and y by y + 1 in the differential system (6.5), 
then we have Jacobi’s differential system 

dx , . dy _ _. 

— = x-y + x{x + y), — = (y+l)(x + y). (6.7) 

The curves of family 

exp ( — 2 arctan —\=C, O^C^+oo, 

(y — l) z \ xJ 

are trajectories of Jacobi’s differential system (6.7). Among these curves are the straight line 
y= — 1 and the unstable focus 0(0,0). 

Trajectories of the stereographically conjugate system 


du 

dO 


(4u 2 + 4 uv + u 3 + u 2 v + uv 2 + v 3 ), 


dv 

d6 


— Auv — Av 2 + u 3 — u 2 v + uv 2 — v 3 , (6.8) 


where (u 2 + v 2 )dd = dt, are the curves of family 
u 2 v 2 / v \ 

- —Try exp( — 2arctan — ) = C*, 0^0*^ + oo, 160* = C. 

(u 2 + v 2 - 4u) 2 V uJ 

Among these curves are the complicated equilibrium state O*(0, 0), which is consisting from 
hyperbolic, elliptic and accompanying it two parabolic Bendixon’s sectors . 

The circles on Fig. 6.4 are stereographic atlases of trajectories for the differential systems 
(6.7) and (6.8). 




7. Stereographic cycles 

Using Property 6.4 and the diffeomorphic map (2.6), we obtain 

Property 7.1 (7.2). The image of a cycle (limit cycle) of the differential system (D), 
which is not passing through the origin of coordinates 0(0,0) of the phase plane Oxy , on 
the phase plane 0*uv is a cycle (limit cycle ) of the differential system (3.3), which is not 
passing through the origin of coordinates O*(0, 0). 

Using Property 6.3 and the diffeomorphic map (2.6), we get 

Property 7.3 (7.4). The image of a cycle (limit cycle) of the differential system (D), 
which is passing through the origin of coordinates 0(0,0) of the phase plane Oxy , on the 
phase plane 0*uv is an open trajectory of the differential system (3.3), which is not passing 
through the origin of coordinates O*(0,0). 
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Definition 7.1. A stereographic cycle of system (D) is a trajectory of system (D) such 
that the stereographic image of this trajectory on the sphere (1.1) is a closed curve and each 
point of this curve is image of a regular point (final or infinitely remove) of system (D). 

Definition 7.2. A stereographic cycle of system (D) is called a limit stereographic cycle 
of system (D) if the stereographic image of this stereographic cycle on the sphere (1.1) has an 
neighbourhood without an stereographic image of other stereographic cycle of system (D). 

Property 7.5 (7.6). A cycle (limit cycle ) of system (D) is a stereographic cycle (limit 
stereographic cycle) of system (D). 

Definition 7.3. A stereographic cycle (limit stereographic cycle) is called open if this 
cycle is passing through the infinitely remote point M, x of the extended phase plane Oxy. 

Property 7.7 (7.8). The image of a stereographic cycle (limit stereographic cycle) of the 
differential system (D), which is passing through the origin of coordinates 0(0,0) of the phase 
plane Oxy , on the phase plane 0*uv is an open stereographic cycle (open limit stereographic 
cycle) of the differential system (3.3). 

Property 7.9 (7.10). The image of a cycle ( limit cycle) of system (D), which is passing 
through the origin of coordinates 0(0,0) of the phase plane Oxy , on the phase plane 0*uv 
is an open stereographic cycle (open limit stereographic cycle) of system (3.3). 

For instance, the straight line-trajectory u + v — 2 = 0 is an open stereographic cycle of 
the differential system (6.4). 

Example 7.1. Trajectories of the differential system [8, p. 88] 

^ = x(x 2 + y 2 - 1) - y(x 2 + y 2 + 1), ^ = x{x 2 + y 2 + 1) + y(x 2 + y 2 - 1) (7.1) 

are the curves [9; 1] 

2 2 

—777 expf2arctan —= C, 0^0^ +oo. 

(x z + y — 1) V x) 

Among these curves are the equilibrium state 0(0,0) (stable focus) and the unstable 
limit cycle x 2 + y 2 = 1. 





Trajectories of the stereographically conjugate system 

33 = u(u 2 +v 2 — 16) — v(u 2 + v 2 + 16), — = u(u 2 + v 2 + 16) + v(u 2 + v 

du du 

where ( u 2 + v 2 ) d6 = dt, are the curves 


2 


16), (7.2) 
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'll* -U y* / y \ 

—r ---— exp ( 2 arctan — ) = C* , 0 ^ C* ^ + oo, 16 C* = C. 

(u 1 + v l — 16_r V u/ 

Among these curves are the equilibrium state O*(0, 0) (stable focus) and the unstable 
limit cycle u 2 + v 2 = 16. 

Trajectories on the sphere (1.1) for the stereographically mutually conjugate differential 
systems (7.1) and (7.2) are represented on Fig. 7.1. The circles on Fig. 7.2 are stereographic 
atlases of trajectories for the differential systems (7.1) and (7.2). 

Example 7.2. Trajectories of Darboux’s sustern [10] 

= - y- x ( x 2 + y 2 - ].), ^- = x- y{x 2 + y 2 - 1) (7.3) 

are the curves [9; 1] 

—-— ~fr^-—77 exp ( — 2 arctan — ) = C, — oo ^ C ^ + oo. 

1 — x- — y z V xJ 


Among these curves are the equilibrium state 0(0,0) (unstable focus) and the stable 
limit cycle x 2 + y 2 = 1 . 

Trajectories of the stereographically conjugate system 

— = 16rt — u 3 — u 2 v — uv 2 — v 3 , — = 16u + u 3 — u 2 v + uv 2 — v 3 , (7-4) 

du du 

where ( u 2 + v 2 )dd = dt , are the curves 

—77 - 77 -expf — 2 arctan —) = C*, — oo ^ C* ^ + oo, 160* = C. 

u z + v z — 16 V u / 

Among these curves are the equilibrium state O*(0, 0) (unstable dicritical node) and the 
stable limit circle u 2 + v 2 = 16. 

Trajectories on the sphere (1.1) for the stereographically mutually conjugate differential 
systems (7.3) and (7.4) are represented on Fig. 7.3. The circles on Fig. 7.4 are stereographic 
atlases of trajectories for the differential systems (7.3) and (7.4). 




Example 7.3. If we replace x by x — 1 and y by y in the differential system (7.3), 
then we obtain Darboux’s differential system 

-77 = ~ 2x - y + 3x 2 + y 2 - x(x 2 + y 2 ), -jr = ~ 1 + x + 2 xy - y(x 2 + y 2 ). (7.5) 
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The curves of family 


(x - l ) 2 + y 2 
1 — (x — l ) 2 — y 2 



— 2 arctan 


y 

x — 1 


C, — oo ^ C ^ + oo, 


are trajectories of the differential system (7.5). Further, the equilibrium state A(1,0) is an 
unstable focus of system (7.5) and the circle {x — l ) 2 + y 2 = 1, which is passing through the 
origin of coordinates 0(0, 0), is a stable limit cycle of system (7.5). 

Trajectories of the stereographically conjugate system 


= 16 u — 12 u 2 + 4v 2 + 2 u 3 — u 2 v — 2uv 2 — v 3 + - u 3 v + - uv 3 , 
du 2 2 


— = 16w — 16 uv + tt 3 + 4 u 2 v + uv 2 -ri 4 4— u 4 , 

d6 4 4 


(7.6) 


where (u 2 + v 2 )dd = dt, are the curves of family 


(u-A) 2 +v 2 
u — 2 


exp 2 arctan 


4v 


(u — 2 ) 2 + u 2 — 4 


= C*, -oo^O*^+oo, C* = 8C. 


Among these curves are the straight line u = 2, which is an open limit stereographic 
cycle, the unstable dicritical node O*(0, 0), and the unstable focus A* (4,0). 

The circles on Fig. 7.5 are stereographic atlases of trajectories for the differential systems 
(7.5) and (7.6). 



Example 7.4. If we replace u by u + 2 and v by v in the differential system (7.6), 
then we get the differential system 


— = — 8 u + 2uv + 2u 3 + 2 u 2 v — 2uv 2 + - u 3 v + - uv 3 , 
du 2 2 

(7.7) 

= 4 + 4« + 2v 2 — u 3 + 4u 2 v + uv 2 — \ u 4 + \ v A . 
d9 4 4 


The curves of family 
(u — 2) 2 + v 2 


u 


exp 2 arctan 


4i; 


u 2 + v 2 — 4 


= C*, 


— oc ^ C* ^ + oo, 


are trajectories of system (7.7). Moreover, the straight line u = 0 is an open limit stereo¬ 
graphic cycle, A x ( — 2 , 0 ) is an unstable dicritical node, and A 2 ( 2 , 0 ) is an unstable focus. 
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Trajectories of the stereographically conjugate system 

^ — 32x — 8 xy + 8 x 3 — 8 x 2 y — 8 xy 2 — 2 x 3 y — 2 xy 3 , 

at 


— = — 16 — 16x — 8 y 2 + 4x 3 + 16 x 2 y — 4 xy 2 + x 4 — y 4 , 
at 


(7.8) 


where (x 2 + y 2 )dt = d6, are the curves of family 

(x- 2) 2 + r exp |^ 2 arctan -- % -= C*, -oo^C*^+oo. 

x V 4 — x A — y z J 

Among these curves are the straight line x = 0, which is open limit stereographic cycle, 
the unstable dicritical node Aj( — 2 , 0 ), and the unstable focus 7^(2, 0 ). 

The circles on Fig. 7.6 are stereographic atlases of trajectories for systems (7.7) and (7.8). 



Fig. 7.6 


8. Symmetry of phase directional field 
for stereographically conjugate differential systems 

Using the analytical conditions of symmetry of phase directional field for differential system 
[ii; i], we obtain criteria of symmetry for stereographically conjugate differential systems. 

Property 8.1. The following statements are equivalent: 

1. The phase directional field of system (D) is symmetric with respect to the origin of 
coordinate of the phase plane Oxy; 

2. The identity X(x, y) Y{ — x, — y) — X( — x, — y)Y(x, y) = 0 for all (x,y)€ M 2 is true] 

3. The phase directional field of system (3.3) is symmetric with respect to the origin of 
coordinate of the phase plane 0*uw, 

4. The identity U(u,v)V( — u, — v) — U( — u, — v) V(u, v) = 0 for all (u, v) € M 2 is true. 

For example, the phase directional fields of stereographically conjugate differential systems 
(4.4) and (4.5) with o 0 = b 0 , (5.1) and (5.2), (5.3) and (5.4), (5.5) and (5.6), (5.7) and (5.8), 
(5.9) and (5.10), (5.11) and (5.12), (7.1) and (7.2), (7.3) and (7.4) have such type of symmetry. 

Property 8.2. The following statements are equivalent: 

1. The phase directional field of the differential system (D) is symmetric with respect to 
the coordinate axis Ox; 

2. The identity X(x,y)Y(x, — y) + A'(x, — y)Y(x,y) = 0 for all (x,y) € M 2 is true; 

3. The phase directional field of the differential system (3.3) is symmetric with respect to 
the coordinate axis 0*u; 

4. The identity U(u,v)V(u, — v) + U(u , — v)V(u,v) = 0 for all (u, u) € M 2 is true. 
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For example, the phase directional fields of stereographically conjugate differential systems 

(4.4) and (4.5) with a 0 b 0 = 0, (5.1) and (5.2), (5.3) and (5.4), (5.7) and (5.8), (5.9) and (5.10) 
have such type of symmetry. 

Property 8.3. The following statements are equivalent: 

1. The phase directional field of the differential system (D) is symmetric with respect to 
the coordinate axis Oy ; 

2. The identity X(x, y) Y( — x, y) + X( — x, y) Y(x, y) = 0 for all (x,y)€M 2 is true-, 

3. The phase directional field of the differential system (3.3) is symmetric with respect to 
the coordinate axis 0*v, 

4. The identity U(u, v) V( — u, v) + U( — u, v) V(u, v) = 0 for all (u,v) G M 2 is true. 

For example, the phase directional fields of stereographically conjugate differential systems 

(4.4) and (4.5) with a 0 b 0 = 0, (5.1) and (5.2), (5.3) and (5.4), (5.7) and (5.8), (5.9) and (5.10) 
have such type of symmetry. 

Property 8.4. The following statements are equivalent: 

1. The phase directional field of the differential system (D) is symmetric with respect to 
the straight line y = x; 

2. The identity X(x,y)X(y,x) — Y(x,y)Y(y,x) = 0 for all (x,y)€M 2 is true] 

3. The phase directional field of the differential system. (3.3) is symmetric with respect to 
the straight line v = u; 

4. The identity U{u,v)U{v,u) — V{u,v)V{v,u) = 0 for all (u, u) € M 2 is true. 

For example, the phase directional fields of stereographically conjugate differential systems 

(4.4) and (4.5) with |a 0 | = |6 0 |, (5.1) and (5.2), (5.3) and (5.4), (5.7) and (5.8), (6.1) and 
(6.2), (6.3) and (6.4) have such type of symmetry. 

Property 8.5. The following statements are equivalent: 

1. The phase directional field of the differential system (D) is symmetric with respect to 
the straight line y = — x; 

2. The identity X(— x, — y) X(y , x) — Y (— x, — y) Y (y, x) = 0 for all (x, y) € M 2 is true ; 

3. The phase directional field of the differential system (3.3) is symmetric with respect to 
the straight line v = — u\ 

4. The identity U{ — u, — v) U(v, u) — V( — u, — v)V(v,u) = 0 for all (u, v ) € M 2 is true. 

For example, the phase directional fields of stereographically conjugate differential systems 

(4.4) and (4.5) with |a 0 | = |6 0 |, (5.1) and (5.2), (5.3) and (5.4), (5.7) and (5.8) have such 
type of symmetry. 


9. Infinitely remote equilibrium state 

By Property 6.2, the infinitely remote point of the extended phase plane Oxy is an 
equilibrium state of system (D) if and only if the point O*(0, 0) is an equilibrium state of 
system (3.3). Note also that the equilibrium states M^ and O* have the same type. 

Behaviour of trajectories for the differential system (D) in an neighbourhood of the 
infinitely remote point M^ of the extended phase plane Oxy is defined by behaviour of 
trajectories for the differential system (D) in an neighbourhood of the infinitely remote straight 
line of the projective phase plane PR(x, y) [12; 1], 

Let L be an infinitely remote equilibrium state of system (D) on the projective phase 
plane PM(x, y). Then, consider two forms of Bendixon’s sectors for the equilibrium state 
L: interior form and exterior form. Points of infinitely remote straight line of the projective 
phase plane PR(x,y), which are lying in a punctured neighborhood of the equilibrium state 
L , belong to exterior Bendixon’s sectors and don’t belong to interior Bendixon sectors. 
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Thus we have the following 

Property 9.1. Interior Bendixon’s sector of the equilibrium state L corresponds to 
Bendixon’s sector of the equilibrium state M^ with the same type and the same direction 
of movement along trajectories. 

Exterior Bendixon’s sectors of infinitely remote equilibrium states of the projective 
phase plane PR(x, y ) are collapsing and forming Bendixon’s sectors of the infinitely remote 
equilibrium state M m of the extended phase plane Oxy. In addition, note that [12; 1]: 
if the system (D) is projectively nonsingular, then the infinitely remote straight line of the 
projective phase plane PKL(x, y) consists of trajectories of this system. 

Thus we have the following assertions. 

Suppose L 1 and L 2 are adjacent infinitely remove equilibrium states on the circle of the 
projective circle PIK(x,?/) [12; 1] for the differential system (D). 

Property 9.2. If the projectively nonsingular system (D) has adjacent exterior Bendixon’s 
sectors for the equilibrium states L l and L 2 such that these sectors are: 

a) parabolic ; 

b ) hyperbolic ; 

c) one is parabolic, another is hyperbolic, 

d) one is hyperbolic, another is elliptic, 

then these sectors are collapsing to Bendixon’s sector of the type: 

a) elliptic; 

b ) hyperbolic; 

c) parabolic; 

d) elliptic 

for the equilibrium state M 0O . 

Example 9.1. The differential system [5, pp. 84 — 85; 1] 

dx 0 0 dy , 

— = 1 — x 2 — y 2 , — = xy — 1 (9.1) 

dt y ’ dt K ' 

on the projective phase plane PK(x,y) has one equilibrium state (node), which is lying on 
«extremities» of the axis Ox. 



The equilibrium state O*(0,0) of the stereographically conjugate system 

— = 4 u 4 — 8 u 2 v 2 — Av 4 — - u 6 + - u 5 v — -u 4 v 2 +u 3 v 3 + -u 2 v 4 + - uv 5 + -v & , 
d6 4 2 4 4 2 4 

— = 12u 3 v + 4 uv 3 -u 6 - u 5 v - u 4 v 2 — u 3 v 3 H— u 2 v 4 - uv 5 H— v 6 , 

d9 4 2 4 4 2 4’ 


(9.2) 
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where (u 2 + u 2 ) 2 d6 = dt , consists of two elliptic sectors, which are divided with the help of 
two parabolic sectors (Property 9.2, case a). 

Using the qualitative research [1] of behaviour of trajectories for system (9.1), we get the 
circles on Fig. 9.1 compose stereografic atlases of trajectories for systems (9.1) and (9.2). 

Example 9.2. The differential system [13, pp. 61 - 65] 

dx dv 

2 — = 2y + i (x - iy) q - i (x + iy) q , 2 — = -2 x + (x - iy) q + (x + iy) q (9.3) 

at i = \J — 1, q = 4 and q = 5 is projectively nonsingular [12]. 

Moreover, all infinitely remove equilibrium states on the projective phase plane PM(x, y) 
are nodes (see Fig. 2.12 in [13, p. 65] or Fig. 8.9 and Fig 8.10 in [12]). 

If q = 4, then the differential system (9.3) has the form 

— = y + 4x 3 y — Axy 3 , '—j = — x + x 4 — 6x 2 y 2 + y 4 (9.4) 

dt dt 


and the stereographically conjugate system to the system (9.4) is the differential system 
du 

— = v{ — 384u 5 + 1280 m 3 u 2 — 384uu 4 + u 8 + 4 u e v 2 + 6m 4 u 4 + 4 u 2 v e + v 8 ), 
du 

(9.5) 

dv 

— = 64m 6 — 960m 4 m 2 + 960m 2 'c 4 — 64m 6 — m 9 — 4 m 7 m 2 — 6rt 5 M 4 — 4 m 3 m 6 — mm 8 , 
dO 

where (m 2 + v 2 ) 4 dd = dt. 



Fig. 9.2 




Fig. 9.3 
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If q = 5, then the differential system (9.3) has the form 


dx 


— = y + 5x 4 y — 10x 2 y 3 + y 3 , -f- = — x + x° — 10x 6 y z + 5 xy q 

dt dt 

and stereographically conjugate system to the system (9.6) is the differential system 

du 

— = n(—1792n 6 +8960n 4 n 2 —5376n 2 n 4 +256n 6 +n 10 +5n 8 n 2 +10ri 6 n 4 +10n 4 n 6 +5rt 2 n 8 +n 10 ), 

du 

(9.7) 

dv 

— = u(256u 6 - 5376uV+8960uV - 1792u 6 - u 10 - 5 u 8 v 2 -10 u 6 v 4 -10 u 4 v 6 - 5 u 2 v 8 -v 10 ), 

du 

where ( u 2 + v 2 ) 5 d6 = dt. 

By Property 9.2, the equilibrium state O*(0, 0) both for the differential system (9.5) and 
for the differential system (9.7) consists of elliptic Bendixon’s sectors. 

The circles, which are forming stereografic atlases of trajectories for the differential systems 
(9.4) and (9.5), are constructed on Fig. 9.2, and the circles, which are forming stereografic 
atlases of trajectories for the differential systems (9.6) and (9.7), are constructed on Fig. 9.3. 

Example 9.3. The differential system [5, pp. 85 — 87; 14, pp. 209 — 212] 

dy 


dy 


„ 3„,2 


(9.6) 


dx 

dt 


= - 1 + x 2 + y 2 , 


dt 


= — 5 + 5 xy 


(9.8) 


on the projective phase plane PM(x, y) has three equilibrium states: a saddle and two stable 
nodes. The saddle is lying on the «extremities» of the straight line y = 0. The first stable 
node lies on the «extremities» of the straight line y = — 2x and the second stable node lies 
on the «extremities» of the straight line y = 2x. 

The stereographically conjugate differential system 


it'll I r. i 1^1 

— = — 4it 4 — 40u 2 u 2 + 4u 4 H— u 6 H— u 5 v + - u A v 2 + 5 u 3 v 3 - v?v A H— uv 5 - v 6 , 

dO 4 2 4 4 2 4 


(9.9) 


rim ^ 1 c; c: | K 

— = 12n 3 n — 28 uv 3 — - u 6 H— u 5 v — - u 4 v 2 + u 3 v 3 + - u 2 v A H— uv 5 + - v 6 , 

d8 4 2 4 4 2 4 


where (u 2 + v 2 ) 2 dd = dt, has the equilibrium state O*(0, 0), which is consisting of two 
elliptic Bendixon’s sectors and two parabolic Bendixon’s sectors (Property 9.2, cases a, c). 

Using the qualitative research [1] of behaviour of trajectories for the differential system 
(9.8), we can build the circles on Fig. 9.4, which are forming stereografic atlases of trajectories 
for the differential systems (9.8) and (9.9). 



Fig. 9.4 
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Property 9.3. If the boundary circle of the projective circle PK(x, y) is orthogonal 
intersected by each trajectory of the projectively singular differential system (D), then the 
infinitely remote equilibrium, state is a dicritical node. 

For example, such differential system is Darboux’s system (7.3). The projective atlas of 
trajectories for this system is constructed on Fig. 16.3 in fl], and the stereographic atlas of 
trajectories for this system is constructed on Fig. 7.4. 

Example 9.4. In the papers [11; 1], we did the qualitative research of behaviour of tra¬ 
jectories on the projective phase plane PR(x, y) for the differential systems 

dx dy . 

— = -y + x 3 , —=x(l + xy), (9.10) 


— = x(x 2 + y 2 — 1) (x 2 + y 2 — 9) — y(x 2 + y 2 — 2x — 8), 
dt 

= y(x 2 + y 2 — l)(x 2 + y 2 — 9) + x[x 2 + y 2 — 2x — 8), 


(9.11) 


^ = x(2x 2 + 2y 2 + 1) ^ (x 2 + y 2 ) 2 + x 2 - y 2 + - y{2x 2 + 2 y 2 - 1), 

(9 ' 12) 

= y( 2x 2 + 2 y 2 - 1) ^(.x 2 + y 2 ) 2 + x 2 - y 2 + + x(2x 2 + 2y 2 + 1), 

and also the projective atlases of trajectories for these systems were built. 

Trajectories of each of these systems intersect orthogonally the boundary circle of the 
projective circle PK(x,i/). 

The stereographically conjugate systems to the differential systems (9.10), (9.11), (9.12) 
accordingly are the differential systems 

nil (iv 

— = — (16 u 3 + u A v + 2 u 2 v 3 + v 5 ), — = tt( — 16m; + u A + 2 u 2 v 2 + u 4 ), (9.13) 


where ( u 2 + v 2 ) 2 d6 = dt, 


— = — 256tt + 160ri 3 — 16 u 2 v + 160m; 2 — 16u 3 + 8 u 3 v + 8 uv 3 — 
dO 

— 9 u 5 + 8 u A v — 18n 3 u 2 + 16n 2 u 3 — 9 uv 4 + 8v 5 , 
dv 

— = — 256u + 16n 3 + 160 u 2 v + 16 uv 2 + 160u 3 — 8u 4 — 8 u 2 v 2 — 
dO 

— 8 u 5 — 9 u A v — 16 u 3 v 2 — 18 u 2 v 3 — 8 uv 4 — 9v 5 , 


(9.14) 


where (u 2 + v 2 ) 2 dO = dt, 

du , , 96 - 288 o 0 0 o 

— = — 8192ri — 768 u 3 + 1280uu 2 - u 5 — 32 u 4 v 4- u 3 v 2 — 64 u 2 v 3 — 

dO 5 5 

256 1 1 1 2 

-— uv 4 — 32u 5 — — u‘ — 3 u 6 v + — u 5 v 2 — 5 u A v 3 + - u 3 v 4 — u 2 v 5 + — uv 6 + v 7 , 


10 


10 


10 


(9.15) 


— — 8192?; — 1280 u 2 v + 768v 3 + 32 u 5 — u 4 v + 64 u 3 v 2 + 7^ u 2 v 3 + 

dd 5 5 


96 3 1 1 1 

+ 32 uv 4 -— v 5 + u 7 — — u 6 v — u 5 v 2 — — u 4 v 3 — 5 u 3 v 4 — — u 2 v 5 — 3uv e + — v 7 , 

O -LU A 1U -LU 


where ( u 2 + v 2 ) 3 d6 = dt. 
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The circles, which are forming stereografic atlases of trajectories for the differential systems 
(9.10) and (9.13), are constructed on Fig. 9.5. The circles, which are forming stereografic 
atlases of trajectories for the differential systems (9.11) and (9.14), are constructed on 
Fig. 9.6. And the circles, which are forming stereografic atlases of trajectories for the 
differential systems (9.12) and (9.15), are constructed on Fig. 9.7. 



Fig. 9.7 
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B.H. rop6y3QB 


Cmepeo2pa<fiuv,ecKu conpsiDtceHHue du<jxf)epeHii i uaji'bHue cucmeMU 


BBe^eHne 

06l.eKTOM HCCJiepOBaHIIH HBJIHeTCH o6bIKHOBeHHaH aBTOHOMHaH nOJIIIHOMHajIBHaa piic|> 
4>epcHU,iiajiBHaa cucTeivia BToporo nopapxa 


dx 

dt 


n 

E 

k =0 


X k (x,y) = X(x,y), 


dy 

dt 


Y k( x ’V) = Y ( x ,v), 


(D) 


k =0 


rpe X, h Y k —opHopopHbie nojnmoMbi no nepeMeHHBiM x h y CTeneHii k. k = 0,l,...,n, 
TaKiie, hto \X n (x,y)\ + \Y n (x,y)\ ^ 0 Ha M 2 , a nojniHOMbi X ii Y — B3aHMHO npocTbic, 
T.e. ne HMeioT o6ipnx pejiHTejieft, otjihhhbix ot BerpecTBeHHbix HHceji. 

^aHHaa pa6oTa HBjiaeTca npopojmeHHeM HccjiepoBaHini, hsjiojxchhbix b [1], a ee ochob- 
Hbie pe3yjibTaTbi ony6jnixoBaHbi b CTaTbax [2] h [3]. 


§1. CTepeorpa(J)HHecKHH aTJiac ctjaepti 
1. CTepeorpafJjHaecKaa npoexpHa iijiockocth 

BBepeM TpexMepnyio npHMoyrojibHyio pexapTOBy CHCTeMy xooppimaT 0*x*y*z*, coBMe- 
ipeHHyio c npaBofi npHMoyrojibHoii pexapTOBoii chctcmoh xooppHHaT Oxy, coOjnopaH ycjio- 
bhh: npHMaa OO * opToroHajibHa njiocKocTH Oxy , /puma oTpe3xa OO* paBHa opHoii epn- 
Hiipe MacniTa6a cncTeMbi xooppiiHaT Oxy, ocb 0*x * coHanpaBjieHa c ocbio Ox, ocb 0*y* 
coHanpaBjieHa c ocbio Oy, a ocb 0 *z* HanpaBjieHa Tax, hto CHCTeMa xooppHHaT 0*x*y*z* 
6ypeT npaBoii; MacniTa6 b cucTeMe xooppimaT 0*x*y*z* Taxon >xe, xax h b CHCTeMe xoop¬ 
pHHaT Oxy. IIocTpoHM cc|)epy c peHTpoM O * epiiHiiaHoro papnyca: 

5 2 = {(x*, y*, z*): x* 2 + y* 2 + z* 2 = l}. (1.1) 

ToHXII N (0, 0, 1) H 5(0, 0,-1) — COOTBeTCTBeHHO CeBepHblH H KPXHblH nOJIIOCbl 3TOH C(|)epbl. 
Ilpii 3 tom io>xnbiPT nojiioc 5(0,0, — 1) coBnapaeT c HaaajiOM 0(0,0) cncTeMbi xooppimaT 
Oxy. YpaBHeHiie z* = — 1 HBjraeTCH ypaBHemieM b CHCTeMe xooppimaT 0*x*y*z * naocxo- 
cth Oxy. IljiocxocTb Oxy xaeaeTCH ccjiepbi (1.1) b kxxhom nojiioce 5(0,0, — 1). 

Ha njiocxocTH Oxy npoii3BOjibHbiM o6pa30M BbiSepeM Toaxy M (x, y) h npoBepeM jiya c 
HaaajioM b Toaxe M aepe3 ceBepHbiii nojiioc N. Jlya MN nepecexaeT ccjpepy (1.1) b Hexo- 
Topofi Toaxe P. TeM caMbiM, xajxpoii Toaxe njiocxocTH Oxy conocTaBjiaeTca opHa Toaxa 
ccjpepbi, a xajxpofi Toaxe ccjiepbi, OTjinaHoii ot ceBepHoro nojnoca, conocTaBjraeTCH, opHa Toaxa 
njiocxocTH Oxy. Taxyio npoexpuio Ha30BeM cmepeozpaffiunecKou npoeKyueu njiocxocTH Ha 
ccjpepy [4, c. 83 — 84]. Toaxy N 6ypeM Ha3biBaTb yemnpoM CTepeorpacjaiaecxoi! npoexpHH 
(pile. 1.1). 

JleMMa 1.1. CmepeozpatfiuuecKaji npoeKyua njiocKocmu siejiaemcji dueKyueu Mextcdy 
njiocKocm'bK) u afiepou c euKOJiomuM ceeepnuM nojitocoM — yenmpoM xmou npoenyuu. 

HTo 6 bi pacnpocTpaHHTb eooTBeTCTBHe Ha bcio ccjiepy (1.1), Ha njiocxocTH Oxy BBepeM 
ycjiOBHyio decKOHeuHO ydajieHHyto rriouKy M^, caiiTaa ee npoo 6 pa 30 M ceBepHoro nojnoca 
1V(0, 0,1) npii CTepeorpacJaiaecxoM ripoepiipoBaHHH. njiocxocTb Oxy , nonojmeHHyio 6 ecxo- 
HeaHO ypajieHHoii tohxoh M^, o 6 pa 30 M xoTopofi npii CTepeorpacJaiaecxoM npoepupoBaHHH 
Ha ccjiepe (1.1) HBjmeTca ceBepHbiii nojiioc 1V(0,0,1), Ha 30 BeM paemupennou nnocKocmbto 
Oxy h o 6 o 3 HaaiiM Oxy, T.e. Oxy = Oxy U M^ . PacmiipcHHaH njiocxocTb Oxy coctoht ii 3 
pByx aacTeii: xoHeaHoii — coOctbchho naocxocTb Oxy , h 6 ecxoHeaHoii — Toaxa M^. Torpa 
jiio 6 oh nocjiepoBaTejibHocTii {M fc } Toaex M k njiocxocTH Oxy, ypajiHioipiixcH b SecxoHea- 
HocTb (cTpeMHipHxcH x Toaxe M^), c noMoipbio CTepeoT’pacJjHaecxoH npoexpim opH 03 HaaHo 
conocTaBjiaeTCH nocjiepoBaTejibHOCTb { P k } Toaex P k c 4 >epbi (1.1), CTpeMHipiixca x ceBep- 
HOMy nojuocy 1V(0, 0,1). 
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B.H. rop6y3QB 


Cmepeo2pa<f>uuecKU conpficHcennue du(j$epeH'u i uaji'bH'bie cucmeMU 


IlycTE. TOHKa M pacnojiojKeHa Ha njiocKocTH Oxy h HMeeT KooppmiaTbi M(x,y). To- 
rpa b npocTpaHCTBeHHofi CHCTeMe KooppimaT 0*x*y*z * 9Ta JKe TOHKa HMeeT KoopiiHaTbi 
M(x,y, — 1). IIpHMaH MN b CHCTeMe KooppHHaT 0*x*y*z* 3apaeTCH cHCTeMoii ypaBHemifi 


x* _ y* _ z * — i 

x y — 2 


n P n CTepeorpa4)HHecKOM npoepupoBaHHH c peHTpoM b ceBepHOM nojiioce N(0, 0,1) TOHKe 
M(x,y, — 1) cooTBeTCTByeT tohkb P(x* ,y*, z*), HBjisnoipaHCH tohkoh npeceneHiiH npHMOH 
MN h ccJ)epBi (1.1). riosTOMy KooppiiHaTBi x*,y*,z * tohkm P cyTB pemeHim ajire6paiiHe- 
CKOH CHCTeMBI ypaBHeHIIH 


x* y* 1 — z* 

x y 2 


, 2 .2 .2 
x + y + z = 1. 


( 1 . 2 ) 


BypeM CHHTaTB, hto tohkb P(x*,y*,z*) ji6>kht Ha ccj)epe (1.1) h He HBjraeTCH ceBepHBiM 
nojirocoM N(0, 0,1). Torpa ee annjiHKaTa z* € [— 1; 1). Pa3pcmiiB cucTeMy ypaBHeHHH (1.2) 
oTHociiTejibHo x*, y*, z* npn — 1 ^ z* < 1, nojiyHHM GneKTHBHoe oTpaxcemie 


x*(x,y) = 


4x 


Vv : (x,y) -1 (x*(x,y),y*(x,y),z*(x,y)), 
4 y 


(1.3) 


x 2 + y 2 + 4 


y*(x,y) = 


x 2 + y 2 + 4 


z *( x , y) = X 2 V 2 — \ v(x, 2/) G M 2 

x z + y z + 4 


njiocKocTH Oxy Ha ccjpepy (1.1), npoKOjioTyio b ceBepHOM nojiioce JV(0,0, 1). KooppimaTHbie 
c^yiiKiniH OTo6pa>KeiTH>7 (1.3) HenpepbiBHO piicJx^epeHpHpyeMbi. 5lKo6naHbi 


D ix\y*\ 
D (x,y) 


= -16 


x 2 + y 2 — 4 
(x 2 + y 2 + 4) 3 


= 64- 


y 


D (y*,z*l 

D (x,y) 


= -64 


(x 2 +y 2 + 4) 3 


D(x*,z* 

D(x,y) U (x 2 + y 2 + 4) 3 ’ 
V(x,y) € 


opHOBpeMeHHo He o6paipaioTCH b Hyjib b jho6oi"i TOHKe njiocKocTH Oxy. CjiepoBaTejibHo, c 
yneTOM jieMMbi 1.1 HMeeT MecTo 

TeopeMa 1.1. CmepeogpaifiuHecKoe omoSpamceHue (1.3) ruiocKocmu Oxy na afiepy (1.1), 
npoKonomyro e ceeepnoM nojiwce AT(0,0,1), nennemcn du(fi(j!)eoMop$u3MOM. 

OcHOBHoe cbohctbo pucJjcJjeoMopcJjHSMa (1.3) coctoht b tom, hto [5, ct 6. 222 — 223] yroji 
Mencpy kphbbimh Ha njiocKocTH h yroji MeJKpy CTepeorpacJniHecKHMH o6pa3aMH sthx KpiiBbix 
Ha ccj)epe paBHbi. 
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B.H. rop6y3QB 


Cmepeo2pa<fiuv,ecKu conpaDtcennue du<fi(fiepeHii i uaji'bH'bie cucmeMU 


2. CTepeorpacJjHnecKHH aTJiac ccjjepbi 

Ha njiocKOCTH, Kacaiomeiica ccjiepbi (1.1) b ceBepHOM nojnoce IV(0,0,1), BBe/jeM npa- 
Byio npaMoyrojiBHyio ^eitapTOBy CHCTeMy Koop^iiHaT 0*uv TaK, hto ee Hanajio O*(0,0) 
coBna^aeT c ceBepHBiM nojuocoM N(0, 0,1) ccfiepbi (1.1), ocb 0*u coHanpaBjieHa c ocbio 
0*x *, ocb 0*v coHanpaBjieHa c ocbio 0*y * (pile. 2.1). MacniTa6 b cncTeivrax KoopflimaT 
Oxy , 0*x*y*z*, 0*uv opiiHaKOB. 

Ecjffl B njIOCKOCTH 0*UV TOHKa M* IIMeeT KOOpflHHaTbl M*(u,v), TO B IipOCTpaHCTBeH- 
hoh CHCTeMe KoopflimaT 0*x*y*z* 3Ta »ce TOHKa HMeeT KooflimaTbi M*(u,v, 1). npHMaa 
M*S b cucTeMe KooppiiHaT 0*x*y*z* 3a,a,aeTCH chctcmoh ypaBHeHiiii 

x * y* z* + 1 

u v 2 

n P n CTepeorpac^naecKOM npoeipipoBaHHii c peHTpoM b iojkhom nojnoce 5(0,0, — 1) ccjiepbi 
(1.1) o6pa30M tohkh M*(u, v, 1) 6yfleT TOHKa P(x*,y*,z *), HBjunoipaHCH tohkoh npecene- 
Hia npaMofi M*S 11 ccjiepbi (1.1). noaTOMy KooppimaTbi x*, y*, z* tohkii P cyTb pemeHiiH 
ajire6paiiaecKoii CHCTeMbi ypaBHeHiiii 


x* y* z* + 1 

u v 2 


2 .2 .2 
x + y + z 


= 1. 


( 2 . 1 ) 


BypeM CHHTaTb, hto tohkh P(x* ,y *, z*) jtokht Ha ccjiepe (1.1) h He HBjiaeTCH ioxchbim 
nojuocoM 5(0,0, — 1). Torpa ee annjiiiKaTa z* £ ( — 1; 1]. Pa3pcmiiB CHCTeMy ypaBHeHiiii 
(2.1) oTHociiTejibHo x*, y*, z* npn — 1 < z* ^ 1, nojiyHHM OneKTHBHoe oTpaxteHiie 


x*(u, v) = 


4 u 


V’s : ( u > v ) {x*(u, v),y*{u , p), z*(u, v )), 

4v 


( 2 . 2 ) 


u 2 + v 2 + 4 


y*(u,v) = 


u 2 + v 2 + 4 


7/2 7;2 — 4 

» Z*(u,v) = - V(u,u)G 

ir + v z + 4 


njiocKOCTH 0*uv Ha cxfiepy (1.1), npoKOJioTyio b kbkhom nojnoce 5(0,0, — 1). Koop/pmaT- 
Hbie f)iyHKiiHH oTo6pa>KeHii>7 (2.2) HenpcpbiBHo pHiJxJiepenpHpyeMbi. HKo6naHbi 


D{x*,y*) = _ u 2 + v 2 - 4 
D (u,v) (u 2 + v 2 + 4) 3 ’ 


D (x*,z*) = _ v 

D (u,v) (u 2 + v 2 + 4) 3 ’ 


D jy*,z*) 
D(it, v) 


64 


u 

(■ u 2 + v 2 + 4) 3 


V(tt, p) € M 2 


op,HOBpeMeHHO He o 6 pain,aioTCH b Hyjib b jho 6 oh Tonne njiocKOCTH 0*uv. CjiepoBaTejibHO, CTe- 
peorpacJninecKoe OTo 6 pajKeHiie ( 2 . 2 ) njiocKOCTH 0*uv Ha ccjiepy (1.1), npoicojioTyio b iojkhom 
nojnoce 5(0,0, —1), HBjiaeTCH ^HcJxJieoMopcJiHSMOM. 

njiocKOCTb 0*uv, nonojiHeHHaa 6 ecKOHCHHO ypajieHHoii tohkoh M^, o 6 pa 30 M KOTopoii 
ripn CTepeorpacJiHHecKOM npoeipipoBaHHH njiocKOCTH 0*uv Ha ccjiepy (1.1) HBjiaeTCH iojkhbih 
nojuoc 5(0,0, —1), ecTb pacniHpeHHaH njiocKOCTb 0*uv, KOTopyro o 6 o 3 Ha x iHM 0*uv, T.e. 
0*uv = 0*uv U . 

noKpoeM ccjiepy (1.1) p,ByMH ccJiepaMH U l h U 2 , npoKOJiOTbiMH cooTBeTCTBeHHO b ceBep- 
hom 1V(0, 0,1) h iojkhom 5(0,0, —1) nojuocax: 


H 

u 1 = < 

( 


2 2 2 

: x* +y* +z* 

. 2 2 2 

= 1, 

- 1 < z* < 1 j 

'j 


ii 

tT 


x* +y* +z* 

= 1, 

- 1 < z* < 11 
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B.H. rop6y3QB 


Cmepeo2pa<fiuv,ecKu conpsiDtceHHue du<jxf)epeHii i uaji'bHue cucmeMU 


BBe^eivi fliicj^eoMopc^Hbie oTo6pa.}KeHira 


: (x*, y*, z*) ->• {x(x*, y *, z*), y(x*, y*, z *)), 


x(x*,y*,z *) = 


2x* 


1 - z* ’ 


y(x*,y*,z*) = V(s*,y*,z*)G^ 1 , 

1 — z* 


(2.3) 


TV ( x *,y*,z*) ->■ (u(®* )2 /*,z*), u(x*,i/*,z*)), 


u(x*,y*,z*) = 


2x* 


1 + z*’ 


v{x\y\z*) = 


2y k 


(2.4) 


1 + z* 


V(x*,y*,z*)eU 2 . 


OTo6pajKeHiie (2.3) hbjihctch o6paTHbiM k oTo6pa»ceHiiio (1.3), a 3Ha x iHT, oTo6pa»ce- 
HHe (2.3) ecTb flHcJxJieoMopcjaHoe OTo6pa»ceHiie ccjaepbi U 1 , npoicojioTOH b ceBepHOM nojuoce 
1V(0,0,1), Ha njiocKOCTb Oxy — CTepeorpacjaiiHecKoe OTo6paJKeHiie ccjiepbi (1.1) Ha njioo 
koctb Oxy H3 peHTpa b ceBepHOM nojuoce N{ 0,0,1) [5, ct 6. 222 — 223; 6, c. 37]. 

OTo6pa>KeHiie (2.4) hbjihctch o6paTHbiM k oTo6pajKeHino (2.2), a 3Ha T iiiT, oTo6pa»ce- 
HHe (2.4) ecTb ^HcJxJieoMopcJiHoe OTo6pajKeHiie ccjiepbi U 2 , npoKOJiOTOH b kbkhom nojuoce 
5(0,0, — 1), Ha njiocKOCTb 0*uv — CTepeorpacJuinecKoe OTo6pajKeHiie ccjiepbi (1.1) Ha njioc- 
koctb 0*uv H3 peHTpa b iojkhom nojuoce 5(0,0, — 1). 

TaKHM o6pa30M, nocTpoeHbi /i,Be KapTbi (U 1 ,ip 1 ) h (C/ 2 , <^ 2 ) C( ]a e P M (1-1). Mhojkbctbo 
K apT (U 1 ,(p 1 ) h (U 2 , <p 2 ) oOpasyioT cmepeozpacfiuv,ecKuu arruiac ccjaepbi (1.1) [6, c. 103]. 

YcTaHOBiiM cBH3b MejK^y jioKajibHbiMii ciicTeMa.MH Koop^iiHaT Oxy h 0*uv cTepeorpa- 
4)iiHecKoro aTJiaca ccjiepbi (1.1). ^jia 3Toro ncnojib3yeM CTepeorpa4»iHecKiie OTo6pajKemiH 
(1.3) H (2.2), KOTOpbie HBJIHIOTCH B3ailMOo6paTHbIMH COOTBeTCTBeHHO C OTo6pa»CeHIIHMH (2.3) 
h (2.4) CTepeorpacJuinecKoro aTJiaca ccjiepbi (1.1): 

(p 1 ='lp- 1 , ' l {; N =(p- 1 H ll) s =<p. 2 1 . 

BbinojiHiiM nocjie^oBaTejibHO/i,Ba flH(]3(]3eoMop(]3Hbix OTo6pa>KeHHH 'if) N h , KOTOpbie 
cocTaBHT fliicJxJieoMopcJiHoe OTo6paHceHiie 

¥>21 = 1 ° V’at = ¥>2 ° V’iV ( 2 ' 5 ) 

njiocKOCTH Oxy , npoKOJiOTOii b Ha.Ha.jie Koop/i,HHaT 0(0,0), Ha njiocKOCTb 0*uv, npoKOJio- 
Tyio b Hanajie KoopfliiHaT O*(0,0) (puc. 2.1). 

YaHTbiBaa aHajiHTHHecKiie sa/jaHiia (1.3) h (2.4) OToGpaxceHHH tp N h cp 2 , ncwiynaeM aHa- 
jiHTHnecKoe 3aflaHiie fliicJxJieoMopcJiHoro oToOpaaceHna (2.5) b Bii^e 

¥> 2 i : (x,y)^ ( 2 , 2 ^ 2 ) V(.x,y) € M 2 \{(0,0)}. (2.6) 

\x z + y ar + y / 

KoOflHHa.THblC (JiyHKHHH 

u: (x, y) —>• 2 — 2 , v:(x,y)~* 2 f 2 V(i,y)eR 2 \{(0,0)} (2.7) 

ar + y ar + y z 

^iicJxJieoMopcjaHoro OTo6pajKeHiiH (2.6) ecTb c]iyHKn;HH nepexo^a [6, c. 99] ot jiOKajibHbix Koop- 
flHHaT (u,v) k jiOKajibHbiM KoopfliiHaTaM (x,y) CTepeorpacJuinecKoro aTJiaca ccjiepbi (1.1). 
y fliKjxJieoMopcJiHoro OTo6pa»ceHiiH 

W (u,v)^ V(«,») 6 M=\{{0,0)} (2.8) 

KOOflHHaTHbie (JjVHKHHH 
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CmepeozpcufiuuecKu conpaDtcennue du<fi(fiepeHii i uaji'bH'bie cucmeMU 


x: ( u , v ) —>• 


4 u 

2 I 2 5 
+ ir 


y: (u,v )->• 


4v 

u 2 + v 2 


V(u,u) € M 2 \{(0,0)} 


(2.9) 


ecTB ((whktihh nepexo^a ot jioKajibHbix KoopfliiHaT (x, y ) k jioKajibHbiM KoopfliiHaiaM (it, v ) 
CTepeorpacjaiHecKoro aTJiaca ccj)epbi (1.1). 

^iic^c^eoMopcjiHoe OTo6pa»ceHiie (2.8), nojiyHeHHoe icax oSpaTHoe OTo6pa>KeHiie k OTo6pa- 
jKeHiuo (2.6), ecTb aHajiimiHecKoe aa/taiine oToGpajKerara 


¥>12 = VV 1 °^s=Vi °^s 


njiocKOCTH 0*uv , npoKOjioTofi b Hanajie Koop^iiHaT O*(0,0), Ha miocKOCTb Oxy, npoKOJio- 
Tyio b Hanajie KoopfliiHaT 0(0,0). 

TeopeMa 2.1. Jdu f/ir/ie om ojxfi ho e omo6paMcenue (2.6) u moMcdecmeennoe omo6paMcenue 
njiocKocmu Oxy na ce6a odpasytom zpynny emopozo nopudna. 

/^eiicTBHTejibHO, npeo6pa30BaHiie (2.6) B3aiiMoo6paTHMo: 



4 .__ \ 

x 2 + y 2 

( 4x \ 2 / 4 y \2 

V x 2 + y 2 ) \ x 2 + y 2 ' ) 


P21 


4- 


4x 


x 2 + y 2 


4x 


\ Vx 2 + y 2 


+ 


4 y 


x 2 + y- 


2 > 


= {x,y) V(i,y)GK 2 \{( 0,0)}, 


a TaKJKe, tp 2 i o I = I o (p 21 = <p 2l h / o I = /, iyje /: (x, y) —> (x, y) V(x, y) € M 2 . ■ 


2. CTepeorpacJjHHecKH conpa^KeHHasi ^HcJjfJjepeHpHajifaHaH CHCTeMa 


3. IIpeo6pa30BaHHe BeHflHKCOHa 


IIpeo6pa3oeaHueM BenduKCona (J)a30BOH njiocKOCTH Oxy ^HcJ^epeHipiajibHOH cncTeMbi 
(D) Ha30BeM npeo6pa3QBaHHe 


x = 


4 u 

u 2 + v 2 1 


4v 

y 2 i 2 5 

IT + V z 


(3.1) 


nocTpoeHHoe Ha ocHOBamni fJ^ynKiniH nepexo^a (2.9) ot jioKajibHbix Koop^iiHaT x, y k jio- 
xajibHbiM Koop^iiHaTaM it, v CTepeorpa(J»iHecKoro araaca ccj)epbi (1.1). 

3aMeHofi BeH^iiKCOHa (3.1) ^HcJ^epeHipiajibHyio CHCTeMy (D) npiiBO^HM k /j,n4)4)epeHU,H- 
ajiBHoft cucTeMe [7, c. 239] 


du 

dt 

dv 

dt 



( 4 u 

4v ^ 

-—Y( 

' 4 u 

4v \ 

V u 2 + v 2 ’ 

u 2 + v 2 ) 

2 

\U 2 + V 2 ’ 

u 2 + v 2 ) 


uv / 4 u 

2 V u 2 + v 2 


4v \ 
u 2 + v 2 ) 


+ 



4 u 

U 2 + V 2 


4v \ 
u 2 + v 2 ) 


U (u,v), 

(3.2) 

V (u,v). 


IIocKOJibKy X h Y — nojniHOMbi, to CHCTeMy (3.2) mojkho 3araicaTb b BH/je 

du U(u,v) dv V(u,v) 

dt ( u 2 + v 2 ) m ’ dt ( u 2 + v 2 ) m ’ 

r^e U h V — nojniHOMbi, He flejunipiecH o^HOBpeMeHHO Ha v? + a 2 , a hiicjio m — pejioe 
HeoTpiipaTejibHoe. 
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Cmepeo2pa<fiuv,ecKu conpaDtcennue du(fkf)epeHii i uajit>H'bLe cucmeMU 


ABTOHOMHyio nojiHHOMHajibHyio ^HcJ^epeHipiajibHyio CHCTeMy 

du < . dv , 

— = U(u,v), — = V(u,v), (3.3) 

r,a,e (u 2 + v 2 ) m dT = dt, y KOTopoft npaBbie nacTH U n V cyTb B3aHMHO npocTbie nojiHHOMbi, 
Ha30BeM crnepeospa <fi uuec ku conpHOfcennou k flHcj^cJjepeHpHajibHOH cncTeMe (D). 

CorjiacHo TeopeMe 2.1 cucTeMa (D) HBjiaeTca CTepeorpacjjHHecKH conpa>i<eHHOH k cncTeMe 
(3.3), h c noMombio npeo6pa30BaHiiH BeH^iiKCOHa 



CHCTeMa (3.3) npHBOflHTca k cncTeMe (D). ^HcJxJjepeHpnajibHbie cncTeMbi (D) h (3.3) hbjih- 
iotch CTepeorpacjaiiHecKii B3aHMOconpH»ceHHbiMii. 

Oa30Byio njiocKOCTb Oxy (pacimipeHHyio cJ)a30Byio njiocKOCTb Oxy ) cncTeMbi (D) h 4>a- 
30Byio njiocKOCTb 0*uv (pacmupcHHyio (J)a30Byio njiocKOCTb 0*uv ) cncTeMbi (3.3) Ha30BeM 
CTepeorpa4»iHecKii conpHJKeHHbiMii. 


4. Bha CTepeorpa^HnecKH conpajKeHHOH flHtfjcjrepeHpHajibHOH cncTeMbi 

Biifl CTepeorpacjHiHecKii conpajKeHHoii k flHcJx^epeHi^HajibHoft cncTeMe (D) fliicj^epeHipi- 
ajibHOH cncTeMbi (3.3) 3aBiiciiT ot Toro, ^ejniTca jih Ha x 2 + y 2 hjih HeT nojiiiHOM 

W n : (x, y ) -> xY n (x, y) - yX n (x, y) V(s, y) € M 2 . 


w n(x,y) # {x 2 + y 2 )P(x,y) Ha M 2 , 

iyje P - HeKOTopbiii nojiiiHOM, to ^HC^c^epeHpHajibHaH CHCTeMa (3.3) HMeeT bh^ 


du v 2 — u 2 


Y ( U 2 + v 2 ) n 3 Xj(Au,4v) - ^ Y (“ 2 + y2 ) n 3 Y j(4 u,4v) = u 0 (u,v), 




2 o n 
r-r v— 


(^ 2 + ^ 2 ) n J ^(4u,4v) = V 0 (u,v), 


rpp ( u 2 + v 2 ) n dr = dt. 

IlycTb 

w n(x, y) = ( x 2 + y 2 )P(x, y) V(x, y) G M 2 , 

r^e P — HeKOTopbm nojiHHOM (He HCKjnoHaeTCH cjiynan P(x,y) = 0 \/(x,y) GK 2 ). Toiyja, 
eCJIH HMeiOT MeCTO TOHC^eCTBa 

- 2 y(xY n _ r+1 (x,y) - yX n _ r+1 (x, y)) - (x 2 + y 2 )X n _ r+1 (x, y) = (x 2 + y 2 ) k ~ r+1 K r (x,y), 

2 x(xY n _ r+1 (x,y) - yX n _ r+1 (x,y )) - (x 2 + y 2 )y n _ r+1 (x, y) = (x 2 + y 2 ) k ~ r+1 Q r (x,y) (4.2) 

V(x,y) G M 2 , r = l,...,/c, 

r,n;e HaTypajibHoe hhcjio k Tanoe, hto 2k ^ n + 2, a K r h <5 r , r = 1,..., k, cyTb HeKOTopbie 
nojiHHOMbi, to fliicjacJjepeHpiiajibHaH CHCTeMa (3.3) HMeeT bh^ 
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B.H. rop6y3QB 


CmepeozpcufiuuecKU conpaDtcennue du(fi(fiepeHii i uaji'bH'bie cucmeMU 


du v 2 — v? 


J2 (« 2 + v 2 ) n ~ j ~ k Xj (4 u, Av) - ^ (“ 2 + « 2 ) n-i_fc ^(4u, 4u) + 


+ E 42fc_2r_1 = C7- fc («, V ), 


dv uv 


E ^ 2 + ' 


, 2 \n-j-k 


XJ4U, Av) + 


o 9 n—k 
U z - V z v-a 


E( w2 +' 


, 2 \n-j-k 


YXAu, Av) + 


+ E 42fc ^ 1 Qr(4u,4v) = V k (u,v), 


rfle (u 2 + v 2 ) n k dd k = dt. 

IIpHMep 4.1. PaccMOTpiiM aBTOHOMHyio ;[,ri(J)(J)('i)erin,iiajri)iiyro chctcmv 
dx dv 

— = a 0 = X(x,y), — = b 0 = Y(x,y), |a 0 | + |6 0 |/0, (4.4) 

y KOTopofi W 0 (x, y) = b 0 x — a 0 y ^ (x 2 + y 2 )P(x, y) Ha M 2 , r,n;e P - HeKOTopt.ni nojniHOM. 
CTepeorpacjHiHecKH conpsDKCHHoii k .zjiicjtcItepeHpHajii.HOH CHCTeMe (4.4) hbjihctch CHCTeMa 

du 2 K a 0 2 dv b 0 2 a 0 d 0 2 i i . it i _x n (a 

- = - u -- uv -- v , Kl + Wi^O. (4.5) 

IIpHMep 4.2. PaccMOTpiiM cTapHOHapnyio jniHCHHyio CHCTeMy 
dx dy 

— = a 0 + a 1 x + a 2 y = X(x,y), — = b 0 + b x x + b 2 y = Y(x,y), (4.6) 

rfle l^l + \a 2 \ + \b x \ + \b 2 \ / 0 . 

CTepeorpac|»iHecKH conpsDKeHHoft k cTaipioHapHOH jihhchhoh CHCTeMe (4.6) npn 
K — b 2 \ + | a 2 + 7 ^ 0 , |a 1 | + |a 2 | + |b^| + \b 2 \ 7 ^ 0 

HBJIHeTCH flHcjK^epCHpiiajIBHaH CHCTeMa 

^ — a x u 3 — (a 2 + 2b 1 )u 2 v + (a x — 2 b 2 )uv 2 + a 2 v 3 — 

dr 

— - a Q u 4 — 2 b 0 u 3 v — 2 b 0 uv 3 + - a 0 v 4 = U 0 (u,v), (4.7) 

— = b ± u 3 — (2 a 1 — b 2 )u 2 v — (2 a 2 + b^uv 2 — b 2 v 3 + b 0 u 4 — 2 a 0 u 3 v — 2 a 0 uv 3 + 6 0 u 4 = y,(u, t>), 
dr 

rfle (tt 2 + v 2 ) dr = dt. 

CTepeorpacjaiiHecKH conpHtKeHHoii k CTaipioHapHOH jihhchhoh chctcmc (4.6) npn 

^2 = a ii = — a 2 , |a 1 | + |a 2 | 7 ^ 0 

HBjiHeTCH flH4)4)epeHLi,iiajibHaH CHCTeMa 

du ci 0 2 b 0 a 0 2 jj [ \ 

— = - ai u + a 2 v- — u - -UV + — V =U l {u,v), 


dv br. o dr. 2 T r / \ 

— = — a 2 u — a. v H—- it-- uv -- v = V, (u,v). 

dt 2 1 4 2 4 1V ’ ' 




B.H. rop6y3QB 


CmepeospcufiuuecKU conpsiDtceHHue du<jxfiepeHii i ucMi'bHue cucmeMU 


IIpHMep 4.3. PaccMOTpHM aBTOHOMHyio Kiia;i,i)a:rrrniyro CHCTeMy 

dx 2 2 ir / \ 

— = a 0 + a 4 x + a 2 y + a 3 x + a 4 xy + a 5 y = X (x, y), 

(4.9) 

< ^ = b 0 + b l x + b 2 y + b 3 x 2 + b 4 xy + b 5 y 2 = Y(x, y), 
r fle \a 3 \ + |o 4 | + |a 5 | + | 6 3 | + | 6 4 | + \b 5 \ / 0 . 

Ilpii |a , 5 —a 3 H-6 4 1H-1a 4 H-6 3 —6 5 1 / 0, 1 0 - 3 1 +1a 4 1+1« 5 1H-1 63 1 +16 4 1 +16 5 1 / 0 cTepeorpacJaiaecKii 
conpaaceiraoH k CHCTeMe (4.9) HBjiaeTca flH(J)4)epeHLi,iiajibHaH cucTeMa 

du 

— = — Aa 3 u 4 — 4(a 4 + 2b 3 )u 3 v + 4(a 3 — 26 4 — a 5 )« 2 r 2 + 4(a 4 — 2 b 5 )uv 3 + 4a 5 r 4 — 

— + (2 6 4 — a 2 )u 4 v — 2 b 2 u 3 v 2 — 2b 1 u 2 v 5 + (a 4 — 2 b 2 )uv 4 + a 2 v 5 — 

— ^ u 6 — -y M 5 v — ^ u 4 v 2 — b 0 u 3 v 3 + ^ u 2 v 4 — ^ ui ; 5 + ^ v 6 = U 0 ( u, v ), 

(4.10) 
dv 

— = 46 3 « 4 + 4(6 4 — 2 a 3 )u 3 v — 4(63 + 2a 4 + b 5 )u 2 v 2 — 4 (& 4 + 2a 5 )uv 3 — 4b 5 v 4 + 

+ 6 1 u 5 + (b 2 — 2 a 4 )« 4 v — 2 a 2 u 3 v 2 — 2a l u 2 v 3 — ( 6 4 + 2 a 2 )iw 4 — b 2 v 5 + 

+ ^ u 6 — ^ ^ it 4 u 2 — a 0 u 3 v 3 — ^ u 2 i > 4 — ^ uv 5 — v 6 = V 0 (u,v), 

r^e ( u 2 + v 2 ) 2 dr = dt. 

B cjiynae a 4 = b 5 — b 3 , a 5 = a 3 — 6 4 , |6 2 — «i| + | b 4 + a 2 \ + |2a 3 — b 4 \ + |6 3 + b 5 | / 0, 
| a 3 1 + 165 — 631 + |a 3 — 641 + 1631 + 1641 + 16 5 1 / 0 CTepeorpacjaiiHecKii conpajKeHHoii k CHCTeMe 

(4.9) HBjiHeTca AHC^K^epcHpiiajibHaa CHCTeMa 

du 

— = — 4a 3 u 2 — 4(63 + b 5 )uv + 4(a 3 — b 4 )v 2 — a 4 u 3 — (a 2 + 26 4 )u 2 v + 
du 

+ (a 4 — 2 b 2 )uv 2 + 2 a 2 v 3 — ^ u 4 — ^ n 3 t> — ^ m ; 3 + ^ r 4 = U 1 (u,v), 

(4.11) 
dv 

— = — 46 3 it 2 — 4(6 4 — 2 a 3 )uv + 46 5 i> 2 + 6 4 it 3 + (b 2 — 2a 1 )u 2 v — 

— ( 6 4 + 2 a 2 )uv 2 — 6 2 r 3 + ^-w 4 — u 3 v — ^ ur 3 — r 4 = u), 

r^e (zi 2 + v 2 ) d6 = dt. 

Bpn a 4 = 26 5 , a 5 = — a 3 , b 3 = - b 5 , b 4 = 2a 3 , b 2 = a 4 , b 4 = - a 4 , |a 3 | + |& 5 | / 0 
CTepeorpacjaiiHecKH conpaa>ceHHOH k CHCTeMe (4.9) HB.aaeTca flHcjK^epeHpiiajibHaH CHCTeMa 


du cLq 2 br. a 0 2 tt / \ 

— = — 4ao — a-itt + a 2 v -— u- uv H—f v = U 2 (u,v ), 

dt 3 1 2 4 2 4 2V ’ 


(4.12) 


dv b n 2 a n 2 T, / N 

— = 46c: — a 9 w + -- ur-^ v = V 2 (u, v). 

dt 5 2 1 4 2 4 2V 7 


9 




B.H. rop6y3QB 


Cmepeo2pa<f)uuecKU conpncHcennue du<f><f)epeH'u ) uaji'bH'bie cucmeMU 


5. CTepeorpacJjHHecKHH aTJiac TpaeKTopwii flHtJjcJjepeHpHajitHoii CHCTeMbi 

IIjIOCKOCTblO 

{(x*,y*,z*): z* = 1-eJ, 0 < e l < 1, 

cc£>epy (1.1) pa3pejiHM Ha p,Be nacTH h B03bMeM nacTb 

Sf = {(x*,y*,z*): x* 2 + y* 2 + z* 2 = 1, - 1 ^ z* < 1 — ej, 

KOTopaa He copepjKHT ceBepHbiii nojiioc N(0, 0,1). Hhcjio e 1 € (0; 1) Bbi6epeM Tax, hto6bi 
H a nacTii Sf ccj>epbi (1.1) Gmjih pacnojiojKeHbi cTepeorpacjiHHecKHe o6pa3bi Bcex coctohhiih 
paBHOBeCIW H H30JHip0BaHHbIX 3aMKHyTbIX TpaeKTOpilH CHCTeMbi (D), JieJKam,HX B KOHeHHOH 
nacTH paciHiipcHHOH cJ)a30B0H njiocKOCTH Oxy. 3a Kpyr K(x,y ) npiiMeM Kpyr, jiejKarpiiH 
Ha (J)a30B0H njiocKOCTH Oxy c pempoM b Hanajie KoopprmaT O h hbjihioiphhch npoo6pa30M 
nacTH Sf ccjjepbi (1.1) npn CTepeorpacJiHHecKOM npoepupoBaHHH c peHTpoM npoeKiinn b 
ceBepHOM nojuoce iV(0, 0,1) (puc. 5.1). 



Phc. 5.1 


IIjIOCKOCTblO 

{{x*,y*,z*): z* = e 2 - 1}, 0 < e 2 < 1, 

ccjaepy (1.1) pa3pejiHM Ha ppe HacTii h B03bMeM nacTb 

S 2 2 = {(x\y\z*): x* 2 +y* 2 +z* 2 = 1, e 2 - 1 < z* < 1}, 

KOTopaa He copepxciiT iojkhbih nojiioc 5(0,0, — 1). Hhcjio e 2 € (0; 1) Bbi6epeM Tax, hto6bi 
H a aacTii S 2 ccjaepbi (1.1) 6bura pacnojiojKeHbi cTepeorpacf) n 1 1 ec kh e o6pa3bi Bcex coctohhhh 
paBHOBeCIIH II H30JIIip0BaHHbIX 3aMKHyTbIX TpaeKTOpHH CHCTeMbi (3.3), JieJKaipHX B KOHeHHOH 
nacTH paciHiipcHHOH (J)a30B0H njiocKOCTH 0*uv. 3a Kpyr K(u,v ) npiiMeM Kpyr, jieHcaipiiH 
Ha cJ)a30B0H nnocKOCTii 0*uv c peHTpoM b Hanajie KooppimaT O* h hbjhhoiphhch npo6pa30M 
nacTH S 2 ccjiepbi (1.1) npn CTepeorpacJiHHecKOM upoepiipoBaHiiH njiocKOCTH 0*uv c peHTpoM 
npocKpHii b iojkhom nojuoce 5(0,0, — 1) (puc. 5.2). 

ynopapoHeHHyio napy (K(x,y), K(u,v)) KpyroB K(x,y) h K(u,v ) c HaHecemibiMH 
Ha hhx TpaeKTopiiHMii CHCTeM (D) h (3.3) cooTBeTCTBeHHO Ha30BeM cmepeospaifouHecKUM 
am/iacoM mpaeKmopuu CHCTeMbi (D). Torpa (corjiacHO TeopeMe 2.1) ynopupoHeHHaH napa 
(K(u,v),K(x,y)) — cTepeorpacJniHecKHH aTJiac TpaeKToprra CHCTeMbi (3.3). 
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B.H. rop6y3QB 


Cmepeo2pa<f>uuecKu conpncHcennue du^>epen'u ) uaji , bH'bLe cucmeMU 



CooTBeTCTBiie MejK,a,y KpyraMH K(x,y) h K(u,v) noxasaHO Ha puc. 5.3. HiicjiaMii 
1,..., 40 OTpajKeHbi cooTBeTCTBira Mexyny nojiyoKpecTHOCTHMH ToneK, jiejKarpnx Ha Koop- 
^HHaTHblX OCHX H KOHH,eHTpiIHeCKIIX OKpyjKHOCTHX C peHTpOM B HaHajie KOOpflHHaT. 


V 


X 


Phc. 5.3 

IIpHMep 5.1. TpaeKTopHHMH CHCTeMBi (4.4) hbjihiotch napajuiejibHbie npHMbie 

b 0 x — a 0 y = C, C € R. 

TpaeKTOpHHMH CHCTeMBi (4.5) HBJIHIOTCH COCTOHHHe paBHOBeCIM O*(0,0) H npiIMBIKaiO- 
ipiie k HeMy KpiiBbie 

b ° U ~ = C*, \u\ + M ^ 0, C* € R, C* = AC. 

u z + v z 

ripii o 0 = 1, b 0 = 0 Ha puc. 5.4 H3o6pa»ceHo noBefleHHe TpaeKTopnii Ha ccjiepe (1.1) 
CTepeorpacjMiHecKH B3aiiMoconpH>KeHHbix cucTeM (4.4) h (4.5). Kpyrn, o6pa3yiomHe CTepeo- 
rpaxJiiiHecKHe aTjiacbi TpaeKTopnii cncTeM (4.4) h (4.5), nocTpoeHbi Ha pnc. 5.5. 

3aMeTIIM, HTO COCTOHHIie paBHOBeCHH O*(0, 0) OflHOpOflHOH KBaflpaTI'IHHOH CHCTeMBi (4.5) 
HBJIfleTCH CJIOJKHBIM H COCTOHT H3 flByX 3JIJHinTIIHeCKHX CeKTOpOB BeHflHKCOHa, OTpaHIIHeHHBIX 
TpaeKTopiMMii-jiynaMH npHMOii v = 0. 
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B.H. rop6y3QB 


Cmepeo2pa<fiuuecKU conpncHcennue du<f><f)epeH'u ) uaji'bH'bie cucmeMU 




IIpHMep 5.2. TpaeKTopiiHMH jiiiHeimofi CHCTeMbi 


dx 

dt 


= X , 


dy 

-dt =V 


(5.1) 


HBJIHIOTCH O-JiyHH CeMeHCTBa IipHMblX C 1 y + C 2 X = 0, C X .C 2 € R, H COCTOHHIie paBHOBeCMH 
0(0,0) — HeyCTOHHIIBBIH flHKpHTHHeCKHH y 3 eji. 

TpaeKTopiiHMii CTepeorpac^HHecKii conpaxceHHOH CHCTeMbi 


du 

dt 


- U, 



(5.2) 


hbjihiotch O-JiyaH ceMeftcTBa npaMbix C 1 v + C 2 u = 0, C 1 , C 2 € R, h cocTOHHiie paBHOBecna 
O*(0, 0) — yCTOHHHBblfl pilKpiITHHeCKIIH y3eji. 

Ha pile. 5.6 H3o6pajKeHO noBepemie TpaeKTopnii Ha ccjaepe (1.1) CTepeorpacJuiaecKH B3aii- 
MoconpajKeHHbix piKjx^epcHpiiajibHbix chctcm (5.1) h (5.2): CTepeorpacJniHecKiiMii o6pa3aMH 
TpaeKTopiiii cucTeM (5.1) h (5.2) Ha ccjaepe (1.1) hbjihiotch nojiyoKpyjKHOCTii MepiipiiaHOB 
ccjiepbi (1.1), npiiMbiKaiomHe k ceBepHOMy h K»KHOMy nojnocaM, a Taxace ceBepHbiii h iojk- 
HbiH nojuocbi ccjiepbi (1.1). Ha pile. 5.7 nocTpoeHbi Kpyrn, o6pa3yioiH,He CTepeorpacJiHHecKiie 



Phc. 5.6 


Phc. 5.7 


IIpHMep 5.3. TpaeKTOpHHMH JIHHCHHOH CHCTeMbi 


dx _ dy _ 

dt y ' dt 


(5.3) 


HBJIHIOTCH KOHpeHTpiIHeCKIie OKpyjKHOCTH X 2 + y 2 = O, C € (0; + 00 ), II COCTOHHIie paBHOBe- 
chh 0(0,0) — peHTp. HanpaBjieHHe pBmKemra Bpojib TpaeKTopiiii CHCTeMbi (5.3) onpepejiaioT 
KacaTejibHbie BeKTopbi a(x,y) = ( y , — x) V(x,y) E M 2 \{(0,0)}. 
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B.H. rop6y3QB 


Cmepeo2pa<f>uuecKU conpncHcennue du^>epen'u ) uaji'bn'bLe cucmeMU 


TpaeKTopiiHMii CTepeorpacjiHHecKii conpajKeHHoii cucTeMbi 



dv 

dt 


— u 


(5.4) 


HBJIHIOTCH KOHIjeHTpHHeCKIie OKpyjKHOCTH u 2 + v 2 = C*, C* E (0; + oo), C* = 4 C, H 
COCTOHHIie paBHOBeCHH O*(0, 0) — IieilTp. 

CTepeorpacJjiiHecKiiMH o6pa3aMii TpaeKTopiift cncTeM (5.3) 11 (5.4) Ha ccjiepe (1.1) hbjihiot- 
ch napajiJiejiH, ceBepHBifi h iojkhbih nojiiocbi ccjiepbi (1.1) (puc. 5.8). Ha pile. 5.9 nocTpoeHBi 
Kpym, o6pa3yiomiie cTepeorpacjiHHecKiie araacbi TpaeKTopiifi chctcm (5.3) ii (5.4). 




IIpHMep 5.4. TpaeKTopiiHMH jnmeiiHofi cncTeivibi 

dx dy 

— = x — y, — = x + y 

dt dt y 

hbjihiotch jiorapncJjMHHecKHe cnnpajiH 

( x 2 + y 2 )exp^ - arctg = C, C E (0; + oo), 

ii cocTOHHiie paBHOBeciia 0(0,0) — HeycTOHHHBbift rpy6bift (JioKyc. 
TpaeKTopiiHMii CTepeorpacJiiiHecKH conpajKeHHOii ciicTeMbi 


du 


dv 


= — u — V, 


= u — V 


dt dt 

hbjihiotch jiorapiicjiMHHecKHe cmipajiii 

(ti 2 + v 2 ) exp^ — arctg — ^ = C*, C* E (0; + oo), C* = 40, 

h cocTOHHiie paBHOBecHH O*(0,0) — ycTOHHHBbifl rpy6biii cjlOKyC. 


(5.5) 


(5.6) 
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Cmepeo2pa<punecKU conpficHcennue du<f><fiepeH'u ) uaji'bH'bLe cucmeMU 


Ha puc. 5.10 H3o6pa»:eHbi TpaeKTopmi Ha ccjiepe (1.1) CTepeorpacJuinecKii B3aiiMoconpH- 
jKeHHbix cucTeM (5.5) h (5.6). Ha puc. 5.11 nocTpoeHbi Kpyrn, o6pa3yioiH,He CTepeorpacjMiHe- 
cKiie aTjiacbi TpaeKTopmi cucTeM (5.5) h (5.6). 

IIpHMep 5.5. TpaeKTopHHMii jniHeiiHOH cncTeMbi 


dx dy 

— = x, — = 

dt dt 


(5.7) 


HBjiHioTCH O-KpiiBbie ceMeficTBa xy = C, Cft, h cocTOHHHe paBHOBecHH 0 ( 0 , 0 ) — ce^jio, 
cenapaTpncaMH KOToporo hbjihiotch Koop^HHaTHbie O-jiynn. 

TpaeKTopiiHMii CTepeorpafJiH x iecKii conpHJKeHHoii cncTeMbi 

= — u 3 + 3uv 2 , = —3 u 2 v + v 3 , (u 2 + v 2 ) dr = dt, (5.8) 

dr dr 

HBJIHIOTCH 0*-KpiIBbie ceMeficTBa 

nv 

, 9 = c*, C* € R, C* = 160, 

( u z + v z ) z 

H CJIOJKHOe COCTOHHIie paBHOBeCHH O*( 0 , 0 ), KOTOpOe COCTOIIT H3 HeTbipeX BJIJIHnTIIHeCKI'IX 
ceKTopoB BeH^eKcoHa, orpaHH T ieriHbix KOopzpmaTHbiMH 0 *-jiynaMii, h o6pa30BaHHbix jieM- 
HHCKaTaMH BepHyjiJiii. 

Ha puc. 5.12 H3o6pa»ceHo noBe/jerrae TpaeKTopnli Ha ccjiepe (1.1) CTepeorpacJiH T iecKii B3a- 
HMOconpjDKeHHbix CHCTeM (5.7) h (5.8). Ha puc. 5.13 nocTpoeHbi Kpyrn, o6pa3yiomHe CTepeo- 
rpacJiHHecKHe aTjiacbi TpaeKTopmi chctcm (5.7) h (5.8). 




Phc. 5.12 




IIpHMep 5.6. TpaeKTopiiHMii JIHHeHHOH CHCTeMbI 


dx 

dt 


= x, 


dy_ 

dt 


= 2 y 


(5.9) 
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B.H. rop6y3QB 


CmepeozpcufiuuecKU conpncHcennue du<f><f)epeH'u ) u(ui'bH'bie cucmeMU 


HBJIHIOTCH O-KpilBbie CeMeflCTBa 

C \y + C 2 x 2 = 0, c lt c 2 e R, 

H COCTOHHIie paBHOBeCIIH 0(0,0) — npOCTOH HeyCTOHHHBBlit y3ejl. 

TpaeKTopHHMH cTepeorpacJ)HHecKn conpHJKeHHoii ciicTeMbi 

^ = — u 3 — 3uv 2 , _ _2 V 3^ (u 2 + v 2 ) dr = dt, (5.10) 

dr dr 

HBJIHIOTCH 0*-KpiIBbie ceMeftcTBa 

C* x v{u 2 + V 2 ) + C 2 * u 2 = 0, C$, Cl € R, Cl = C\, Cl = 4 C 2 , 

h cjiojKHoe cocTOHHHe paBHOBeciw O*(0,0) —ycTOHHiiBBiii y3eji. 

Ha pile. 5.14 H3o6pa»ceHbi TpaeKTopiiH Ha ccjiepe (1.1) CTepeorpacJniHecKii B3aHMoeonpH- 
jKeHHbix cucTeM (5.9) h (5.10). Ha pile. 5.15 nocTpoeHbi Kpyrn, o6pa3yioiii,iie CTepeorpaxJiii- 
HecKiie aTjiacbi TpaeKTopiiit cucTeM (5.9) n (5.10). 




Phc. 5.14 


Phc. 5.15 


IIpHMep 5.7. TpaeKTOpilHMII JIHHefiHOH CHCTeMbI 


dx 

— = x + y, 


HBJI5HOTCH O-Kpi'IBbie ceMeftcTBa 


y exp 


dy 


C, C € R, 


H COCTOHHIie paBHOBeCIM 0(0, 0) — HeyCTOHHIIBblH BbipOJK^eHHblft y3ejl. 
TpaeKTopiiHMii CTepeorpacJiHHecKii conpaHceHHOH cncTeMbi 


(5.11) 


— = — u 3 — v? v — uv 2 + v 3 , — = — u 2 v — 2uv 2 — v 3 , (u 2 + v 2 ) dr = dt, (5.12) 

dr dr 

HBJIHIOTCH 0*-KpiIBbie CeMeHCTBa 

0 V „ expf — —) =C*, C*€R, C* = 40, 

vr + v z \ V / 

H CJIOJKHOe COCTOHHHe paBHOBeCIIH O*(0, 0) — yCTOHHHBblH y3eji. 

Ha pile. 5.16 H3o6pa»ceHbi TpaeKTopiiH Ha ccjiepe (1.1) CTepeorpacJniHecKii B3aHMoeonpH- 
xceHHbix CHCTeM (5.11) h (5.12). Ha pile. 5.17 nocTpoeHbi Kpyrn, o6pa3yK>mne CTepeorpacjaii- 
HecKiie aTjiacbi TpaeKTopiiit cucTeM (5.11) h (5.12). 
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B.H. rop6y3QB 


CmepeozpcufiuuecKU conpncHcennue du<f><f)epeH'u ) uaji'bH'bie cucmeMU 



y 


v 


u 


Phc. 5.16 


Phc. 5.17 


3. TpaeKTopHH CTepeorpa(J)HHecKH conpa>KeHHt.ix 
flHfjK^epeHpHajIIjHMX CHCTeM 


6. PeryjiapHtie tomkh h coctohhhh paBHoaecHH 
CTepeorpacJiHaecKH conpa»ceHHi>ix flHcJjtJjepeHpHajitHtix chctcm 

IIpii ^HcJxJieoMopcJiHOM oTo6pajKeHiin (2.6) o6pa30M tohkh M(x,y ) (^bboboh njiocKocTii 
Oxy CHCTeMM (D), otjihhhoh ot Haaajia Koop^imaT 0(0,0), HBjiaeTca TOHKa 



4)a30B0ii njiocKocTii 0*uv CHCTeMBi (3.3), OTjniHHaa ot Haaajia KoopfliiHaT O*(0,0). 

IlycTB o6pa30M Haaajia KoopfliiHaT 0(0,0) pacmiipcHHoft njiocKOCTH Oxy HBjiaeTca 6ec- 
KOHeaHO y^ajieHHaa Toaxa CTepeorpacjaiaecKii conpaaceHHoii pacmupeHHOH njiocKOCTH 

0*uv , a o6pa30M 6ecKOHeaHo yqajieHHoii tohkh pacmiipcHHoii njiocKocTii Oxy hbjih- 

eTca Haaajio KoopflimaT O*(0, 0) CTepeorpacJniHecKii conpajKeHHOii pacmiipcHHoft njiocKOCTH 
0*uv . Taxoe npo/jojiacemie OTo6pa>KeHiiH ip 2 \ ecTB 6iieKTHBHoe OTo6pa»ceHiie Tp ^ pacrnii- 
peHHoii (Jia30BOH njiocKOCTH Oxy CHCTeMbi (D) Ha pacmiipeHHyio (J)a30Byio nnocKOCTb 0*uv 
CHCTeMbi (3.3). Tohkh M h M*, O h h O* hbjihiotch CTepeorpacjuiaecKii B3a- 

iiMoconpajKeHHbiMH. TaKJKe npn OTo6paxceHHH Tp^ KpiiBaa l Ha pacmupeHHOH hjiockoctm 
Oxy h ee o6pa3 l* Ha pacmiipcHHoii njiocKOCTH 0*uv 6yn;yT cTepeorpacjaiHecKii B3aHMoco- 
npSDKeHHblMII KpHBbIMH. 

CorjiacHO ocHOBHOMy CBOHCTBy CTepeorpacJuinecKOH npoeKipin (nyHKT 1) h TOMy, hto 
OTo6pajKeHiie (2.6) ecTb cynepno3HU,HH (2.5) CTepeorpacJiHHecKHX OTo6paxceHHH, nojiynaeM 

Cbohctbo 6.1. Ysoji Meotcdy KpueuMu paeen ygJiy Mewcdy cmepeoepatfmuecKu conpn- 
MCeHHUMU K HUM KpUBUMU. 

ToHKa cJ)a30BOH njiocKOCTH Oxy HBjiaeTca peryjiapHoii tohkoh CHCTeMbi (D), ecjiH OHa He 
HBjiaeTca cocTOHHueM paBHOBeciiH CHCTeMbi (D). BecKOHeHHO y,n,ajieHHyio TOHKy pacrnii- 

pcHHofi 4)a30Boit htockoctii Oxy 6ya;eM cniiTaTb pezyjuipHou 6ecKOHeu,Ho yda/iennou mouKou 
CHCTeMbi (D), ecjiii Hanajio Koop,a,HHaT O*(0,0) cjia30BOH njiocKOCTH 0*uv He HBjiaeTca co- 
CTOHHHeM paBHOBeCHH CHCTeMbi (3.3). EcjIIl TOHKa O*(0,0) ecTb COCTOHHIie paBHOBeCHH CH¬ 
CTeMbi (3.3), to GecKOHCHHo y^ajieHHyio TOHKy pacmiipeHHoii (J)a30BOH njiocKOCTH Oxy 

npiiMeM 3a 6ecKOHeHHO yn,ajieHHoe coctohhhc paBHOBeciiH CHCTeMbi (D) TaKoro ace Bipja. 

TaKHM o6pa30M, Kaacflaa TOHKa pacmupeHHOH 4)a30B0ii njiocKOCTH Oxy — peryjiapHaa 
mm cocToaHiie paBHOBecua ^ncJxJiepeHpiiaabHOH CHCTeMbi (D). Ha pacmupeHHOH cJ)a30B0H 
naocKOCTH Oxy Kaxc/jaa TpaeKTopua fli-KjxJiepeHpHaabHOH CHCTeMbi (D) aBjiaeTca coctohhh- 
eM paBHOBecua hjth coctoht H3 peryjiapHbix ToaeK. 
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B.H. rop6y3QB 


CmepeozpcufiuuecKu conpsiDtceHHue du<jxf)epeHii i uaji'bHue cucmejuu 


Ha ocHOBaHHH ^ncjpcjpeoMopcjpHocTii oTo6pa>KeHHH (2.6) njiocKocTH Oxy, npoKojioTOH b 
Hanajie KoopfliiHaT 0(0,0), Ha CTepeorpacJxiiHecKii conpiDKemiyio njiocKOCTb 0*uv, npoico- 
jioTyio b Hanajie KoopflimaT O*(0,0), h yniiTbiBaH cbohctbo 6.1, nojiynaeivi, hto Ha pacnm- 
peHHBix 4)a30BBix njiocKocTsx Oxy h 0*uv TpaeKTopHH CTepeorpac))H T iecKH B3aHMoconpa- 
XKCHHblX CHCTeM (D) H (3.3) TaKIie, HTO HMeeT MeCTO 

Cbohctbo 6.2. CmepeozpatfiuuecKU 63auMoconpAOfcennue mouKU pacmupennux $a,3oeux 
ruiocKocmeu Oxy u 0*uv nenmomcA odnoepeMenno unu pezynnpHUMu unu cocmonnuAMu 
paenoeecun odnozo u mozo otce euda cucmeM (D) u (3.3). 

M 3 toto, hto oTo6pa»ceHHe (2.6) ecTB cynepnosniniH (2.5), cjie^yioT 

Cbohctbo 6.3 (6.4). 06pa30M 3a,MKuymou na nnocKoemu Oxy npueou, npoxodnyeu 
(ne npoxodmyeu) uepe3 nauano Koopdunam 0(0,0), A6AAem.cn ne3aMKnyman ( 3aMKnyman ) 
Kpuean na cmepeozpacfjuuecKU conpAotcennou nnocKoemu 0*uv, ne npoxodnyan uepe3 naua- 
ao Koopdunam O*(0, 0). 

HanpuMep, BBiHiicjiemiHMH, HcnojiB3ya npeo6pa30BaHiie BeHflHKCOHa (3.1), nojiynaeM 

Cbohctbo 6.5. 06pa30M\ 

а ) npoxodmyeu uepe3 nauano Koopdunam 0(0,0) nAOCKoemu Oxy OKpyzHcnocmu 

{.x + a) 2 + {y + b ) 2 = a 2 + b 2 , |a| + |6| / 0; 

б) ne npoxodniyeu uepe3 hcihciao Koopdunam 0(0,0) nnocKoemu Oxy oKpyzHcnocmu 

(x + a) 2 + (y + bj 2 = r 2 , r > 0, r 2 / a 2 + b 2 ; 

e) OKpyotcnocmu 

x 2 + y 2 = r 2 , r > 0 , 

c yenmpoM e nauane Koopdunam 0(0,0) nAOCKoemu Oxy, 

z) mouKU A{a,b), |a| + | 6 | 7 ^ 0, ecAU ona Aeotcwn enympu (ene) OKpyotcnocmu 

x 2 + y 2 = r 2 , r > 0 ; 

d ) npoxodniyeu uepe3 nauano Koopdunam 0(0,0) nAOCKoemu Oxy npnMou 

Ax + By = 0, \A\ + \B\ 7 ^ 0; 

e) Koopdunamnou npnMou x = 0 (y = 0) nnocKoemu Oxy, 

ok) ne npoxodniyeu, uepe3 nauano Koopdunam 0(0,0) nnocKoemu Oxy npnMou 
Ax + By + 0 = 0, |M| + |H| 7 ^ 0, C / 0; 


na cm.epeozpacfmnecKu conpAotcennou nnocKocmu 0*uv nennemcn : 
a) npAMan au + bv + 2 = 0; 

^ / 4a \ 2 / 4 b \ 2 4 r 2 


6) oKpyofcnocmu ( u + 


1 2 + b 2 — r 2 


+ \ v + 


a? + b 2 — r 2 ) ( a 2 + b 2 — r 2 ) 2 


\ 9 9^ 

e) OKpyotcnocmb u + v = —~ ; 


z) cmepeozpatfiuuecKU conpAotcennaA mourn A* 


4 a 4b 

x 2 + b 2 ’ a 2 + b 2 


neotcayan ene 


( enympu ) OKpyotcnocmu u 2 + v 2 = — ; 

d) npoxodnyan uepe3 nauano Koopdunam O*(0, 0) npAMan Au + Bv = 0; 

e) Koopdunamnan npAMan u = 0 (v = 0); 

ok) npoxodnyan uepe3 nauano Koopdunam. O*(0,0) OKpyofcnocmu 
( 2M\2 / 2B\ 2 4 (A 2 + B 2 ) 
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B.H. rop6y3QB 


Cmepeo2pa<f)uuecKU conpacHcenHue du^)epenv ) uaji'bn'bLe cucmeMU 


B npiiMepe 5.2 (puc. 5.6 h 5.7) paccMOTpcHbi cTepeorpacjiHHecKH B3aHMoconpsDKeHHbie 
flHcJjcJjepcHpilajibHbix cncTeMbi (5.1) h (5.2) c TpaeKTopiiHMH, jie>Kaiii,iiMH Ha npHMbix, npo- 
xoflamiix nepe3 Hanajia Koop^HHaT 0(0,0) h O*(0,0) cjm30Bbix njiocKOCTeH Oxy h 0*uv 
cooTBeTCTBeHHO (cbohctbo 6.5, cjiyHaii fl). 

IIpHMep 6.1. 3aMeHoii x Ha x—1, y Ha y— 1 cucTeMy (5.1) npiiBOflHM k CHCTeMe 


dx dy 

— = x — 1, — = y — 1. 

dt dt 


( 6 . 1 ) 


TpaeKTOpilHMII JIIIHeHHOH ,II,Il4)4)epeHH,HajIbHOIl CIICTeMbl (6.1) HBJIHIOTCH HeyCTOHHHBblH 
flHKpHTHnecKHH y3eji A( 1,1) h A-jiynn nynxa npHMbix 


y- 1 

x—1 


C, 


— oc ^ C ^ + oo. 


TpaeKTopiiHMH CTepeorpacJainecKH conpjDKeHHOH cncTeMbi 


du 

dt 


1 2 1 In 

= - u+ - u z + - uv - - v z , 


dv 

dt 


1,1 1 2 
— v —- u -\— uv H— v 
4 2 4 


( 6 . 2 ) 


HBJIHH3TCH flHKpi'ITIIHeCKHe y3JIbI O*(0,0) (yCTOHHHBblli) II A* (2,2) (HeyCTOIiHIIBblli), OTpe- 
30 K O* A* 6e3 kohu,ob, 0*-jiyn h TB-jiyn npHMofi v = u, flym oKpyjKHocTeti 

20 \2 / 2 \2 _ 4(C 2 + 1) 


u — 


0-1 


+ u + 


0-1 


(O-l) 2 ’ 


O € 


npiiMbiKaiomHe k coctohhhhm paBHOBeciw O* h A* (peHTpbi OKpyjKHOCTefi jiejKaT Ha npa- 
moh u + v — 2 = 0). 

Kpyni, o6pa3yiomHe CTepeorpacjaiiHecKHe araacbi TpaeKTopHH chctcm (6.1) h (6.2), no- 
CTpoeHbi Ha puc. 6.1. 



B npiiMepe 5.3 (pnc. 5.8 h 5.9) paccMOTpeHbi CTepeorpacjiHHecKH B3aHMOconpH»ceHHbie 
CHCTeMbI (5.3) H (5.4), TpaeKTOpiIHMH KOTOpbIX HBJI5HOTCH KOHH,eHTpHHeCKIie OKpyjKHOCTH, 
CTHrHBaiomHecH b n;eHTpbi O h O* cooTBeTCTBeHHO (cbohctbo 6.5, cjiynaii b). 

IIpHMep 6.2. 3aMeHoft x Ha x — 1, y Ha y — 1 CHCTeMy (5.3) npiiBOflHM k CHCTeMe 


dx _ dy 

= y- l, -#= -x + i. 


(6.3) 


dt dt 

TpaeKTOpilHMII CHCTeMbI (6.3) HBJIHIOTCH H,eHTp A( 1, 1) II KOHpCHTpiIHeCKHe OKpyjKHOCTH 
(x — l) 2 + (y - l) 2 = O, O G (0; + oo). 


TpaeKTopiiHMH CTepeorpac|)HHecKH conpjoKeHHOii cncTeMbi 


du 1 9 1 1 9 

— = v H— ti- uv - v , 

dt 4 2 4’ 


dv 1 9 1 1 9 

— = — u -\— u -\— uv - v 

dt 4 2 4 


(6.4) 
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B.H. rop6y3QB 


Cmepeo2pa<f>uuecKu conpncHcennue du<f><f)epeH'u ) u(ui'bH'bie cucmeMU 


HBJIHH3TCH npHMaa U + V — 2 = 0, OKpyjKHOCTII 


4 \2 / 4 \2 

U -2^C) + ( V - 


16 C 


, C € (0; 2) U (2; + oo), 


2 -CJ (2 — C) 2 

u,eHTpbi O*(0,0) h v4* (2,2). 

Kpym, o6pa3yiomHe CTepeorpacjMiHecKiie araacBi TpaeKTopnii CHCTeM (6.3) 11 (6.4), no- 
CTpoenbi Ha piic. 6.2. 



IIpHMep 6.3. TpaeKTopHHMH ciicTeMBi Mkooh 

dx dy 

— = i +x - y + x (x + y- 1), — = y( x + y- 1) 


HBJI5HOTCH KpHBBie CeMeHCTBa 

x 2 + {y- l) 2 

y 2 \ x 

cpe^H KOTopBix npHMaa y = Oh HeycToiiHiiBBift cjaoKyc ^4(0,1). 


exp I — 2 arctg —-) = (7, O^C^+oo, 


(6.5) 




TpaeKTopiiHMii CTepeorpacJiHHecKii conpHxceHHoft CHCTeMbi 

— 4 u 2 — 4 uv + u 2 v + 2uv 2 — v 3 — \ u 4 + \ v 4 , 
d6 4 4 


dv 

dd 


= v ^ — 4u — 4v — u 2 + 2uv + v 2 — ^ u 3 — ^ uv , 


( 6 . 6 ) 


r,n,e (u 2 + v 2 )d6 = dt, hbjihiotch KpiiBBie ceMeftcTBa 

l fa2 + ^ + 1,2 ~ 4 " )2 exp( - 2arctg ^ ~ ^ ~ ) = C", 0 « C* « + oo, C* = 16C, 

v z V 4u / 

epe^H KOTopBix 0*-JiyHH npHMOII V = 0, HeyCTOHHHBBlii (J)OKyC A* (0,2) II CJIOJKHOe COCTO- 
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B.H. rop6y3QB 


Cmepeo2pa<punecKU conpncHcennue du<f><f)epeH'u ) uaji'bH'bie cucmeMU 


HHHe paBHOBecHH 0*(0,0), cocTOHiu,ee H3 rHnep6ojiHHecKoro, BjuiimTiiHecKoro h conpoBOJK- 
flaKupHX ero flsyx napa6ojiHHecKHX ceKTopoB BeHflHKCOHa. 

Kpyni, o6pa3yK>mne CTepeorpa4»iHecKHe araacbi TpaeKTopnit chctcm (6.5) h (6.6), no- 
CTpoeHBi Ha piic. 6.3. 

IIpHMep 6.4. 3aMeHoii x Ha x, y Ha y + 1 cncTeMy (6.5) npiiBo^HM k cncTeMe Hko6h 

dx , . dy , w . .__ 

— = x-y + x(x + y), — = (y + l)(x + y). (6.7) 


KpiiBbie ceMencTBa 

x 2 + y 2 / y\ 

ex P ( “ 2 arct S - J = C, O^C^+oo, 

HBJIHIOTCH TpaeKTOpilHMI'I CHCTeMbI (6.7), Cpe^H KOTOpbIX TpaeKTopiia-npHMaH y = — 1 H 

HeycTOHHHBbiii (J)OKyc 0(0,0). 

TpaeKTopiiHMii CTepeorpacjHiHecKii conpHJKeHHoft CHCTeMbi 

= ~ (Au 2 + Auv + u 3 + u 2 v + uv 2 + v 3 ), -777 = — A:uv — Av 2 + u 3 — u 2 v + uv 2 — v 3 , (6.8) 

du du 


pup ( u 2 + v 2 )d8 = dt, hbjihiotch KpHBbie ceMeiicTBa 
ll 2 v 2 / V \ 

- 7 -—, exp( - 2 arctg -) = C*, 0 ^C*^+oo, 16 C*=C, 

(■ u z + v z — Av) z V uJ 

cpe^n KOTopbix cjioJKHoe cocTOHHiie paBHOBeciiH O*(0,0), cocToaipee H3 rimep 6 ojniHecKoro, 
sjijnmTHHecKoro h flByx conpoBOJK^aromux ero napa 6 ojiHHecKHX ceKTopoB BeH/piKCOHa. 

Kpyrn, o6pa3yK>mne CTepeorpac^HHecKiie araacbi TpaeKTopnii CHCTeM (6.7) h ( 6 . 8 ), no- 
GTpoeHbi Ha puc. 6.4. 




7. CTepeorpacJiHHecKHe u,hkjibi 

Ha ocHOBaHHH CBOHCTBa 6.4 h fliicJx^eoMopcjjHOCTH OT6pa»ceHHH (2.6) nojiynaeM 
Cbohctbo 7.1 (7.2). 06pa30M ne npoxodmpezo uepe3 nav/uio KoopOunam 0(0,0) <fia- 
306 OU nAOCKoemu Oxy yuKAa (npeOeAbnozo u t UKAa) OutfxfiepenyuaAbnou cucmeMU (D) na 
$a,3060u nAOCKoemu 0*uv neARemcn ne npoxoOnu^uu uepe3 nauaAO KoopOunam O*(0,0) 
yuKA (npedeAbHuu v,uka) Ou^epenyuaAbnou cucmeMU (3.3). 

Ha ocHOBaHHH CBOHCTBa 6.3 h flHcJx^eoMopcjjHOCTH OT6pa>KeHHH (2.6) nojiynaeM 
Cbohctbo 7.3 (7.4). 06pa30M npoxodninezo uepe3 nauaAO KoopOunam 0(0, 0) <fia,3oeou 
nAOCKoemu Oxy yuKAa (npeOeAbnozo yuKAa ) Ou^epenyuaAbnou cucmeMU (D) na $a,3oeou 
nAOCKoemu 0*uv neARemcA ne npoxoOnu^an uepe3 nauaAO KoopOunam O*(0,0) ne3aMKny- 
man mpaeKmopun Owfxfiepeny^uaAbnou cucmeMU (3.3). 
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B.H. rop6y3QB 


Cmepeo2pa<fiuuecKU conpficHcennue du<fi<f)epeHii ) uaji'bH'bLe cucmeMU 


Onpe^cjieiiMC 7.1. TpaeKTopnio cncTeMbi (D), CTepeorpacJiHHecKHM o6pa30M KOTopoft 
Ha ccjiepe (1.1) HBjiaeTca 3aMKHyTaa KpiiBaa, KajK^aa tohkh KOTopoft HBjiaeTca o6pa30M pe- 
ryjiapHofi tohkh (kohchhoh hjiii SecKOHeHHO yzjajieHHOii) cucTeMBi (D), Ha30BeM cmepeozpa- 
cfiuueCKUM yUKAOM CHCTeMBI (D). 

Onpe/i,ejieHHe 7.2. IlpedeAbnuM cmepeozpa/fiuuecKUM yuKAOM chctcmbi (D) Ha30BeM 
TaKoii ee CTepeorpacjariHecKHii u;iikji, y CTepeorpacjuinecKoro o6pa3a KOToporo Ha ccjaepe (1.1) 
cymecTByeT OKpecTHOCTb, b KOTopoii HeT CTepeorpacjaHHecKoro o6pa3a ^pyroro CTepeorpacjaii- 
necKoro piiKjia cncTeMbi (D). 

Cbohctbo 7.5 (7.6). U,uka (npedeAbnuu yuKA ) cucmeMU (D) aejinemcn ee cmepeozpa- 
(fmuecKUM yuKAOM ( npede/ibHUM cmepeozpa/fiuuecKUM yuKAOM,). 

Oiipe^cjiciiMC 7.3. CTepeorpacJ)HHecKHH u;iikji (npe^ejibHbiH ct ep e;orpac)) h x iec kh ft h;hkji) 
cucTeMbi (D). npoxo/pnipift Hepe3 6ecKOHeHHO yflajieHHyio TOHKy pacmiipeHHoft cJ)a30B0H 

njiocKOCTH Oxy, Ha30BeM pa30MKnymuM. 

Cbohctbo 7.7 (7.8). 06pa30M npoxodmyezo uepe3 nauaAO noopdunam 0(0,0) $a,30- 
eou nnocKocmu Oxy cmepeozpacfiuuecKozo yuKAa (npedeAbnozo cmepeozpatfiunecKozo yuKAa) 
cucmeMU (D) na cfja3oeou n/iocKocmu 0*uv nennemcn pa30MKnymuu cmepeozpatfmuecKuu 
yuKA ( pa30MKHymuu npedeAbnuu cmepeozpatfmuecKuu yuKA) cucmeMU (3.3). 

Cbohctbo 7.9 (7.10). 06pa30M npoxodmyezo nepe3 nauaAO Koopdunam 0(0,0) (fia3oeou 
nnocKocmu Oxy yuKAa (npedeAbnozo yuKAa) cucmeMU (D) na $a,3oeou nAocKocmu 0*uv 
ABARemcn pa30MKHymuu cmepeozpacfiuHecKuu yuKA ( pa30MKnymuu npedeAbnuu cmepeozpa- 
(fiuuecKuu yuKA ) cucmeMU (3.3). 

Tax, npaMaa-TpaeKTopiiH u + v — 2 = 0 HBjiaeTca pa30KHyTbiM CTepeorpacJainecKiiM 
H.HKJIOM flH(J)4)epeHU,HajIbHOH CHCTeMBI (6.4). 

IIpHMep 7.1. TpaeKTopiiHMii cncTeMbi [8, c. 88] 

^ = x(x 2 + y 2 - 1) - y(x 2 + y 2 + 1), ^ = x(x 2 + y 2 + 1) + y(x 2 + y 2 - 1) (7.1) 

HBjiaioTCH [9: 1] KpiiBbie, 3a/i;aHHbie ypaBHeHiieM 

, 9 X \ y 1 exp ( 2arctg = C, 0 ^ C ^ + oo, 

(x z + y — 1) V xJ 

epe^H KOTOpbIX COCTOHHIie paBHOBeCHH 0(0,0) (yCTOHHIIBblfl (JlOKyc) II HeyCTOHHMBbIM npe- 
flejibHbiii u;hkji x 2 + y 2 = 1 • 




TpaeKTopiiHMii CTepeorpacJiHHecKii conpsoKeHHoft cncTeMbi 
— = u(u 2 + v 2 — 16) — v(u 2 + v 2 + 16), — = u{u 2 + v 2 + 16) + v(u 2 + v 2 — 16), (7.2) 
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B.H. rop6y3QB 


Cmepeo2pa<f>uuecKU conpficHcennue du<f><f)epeH'u ) u(ui'bH'bie cucmeMU 


pge (u 2 + v 2 ) d6 = dt , hbjihiotch KpnBbie, 3a/i,aHHBie ypaBHeHiieM 

^ 2 i 2 1^2 ex P (2 arctg — J = C*, 0^0*^ +oo, 16C* = C, 

(ir +v z — 16) z \ uJ 

epeflH KOTOpbIX COCTOHHHe paBHOBeCIIH O*(0,0) (yCTOHHHBblft 4)OKyc) H HeyCTOHHIIBblH npe- 
flejIbHblH pi-IKJI V? + v 2 = 16. 

Ha pile. 7.1 H3o6pa»ceHbi TpaeKTopmi Ha c4>epe (1.1) CTepeorpacJniHecKii B3aHMOconpH- 
jKeHHbix fliKjxJjepeHpiiajibHbix CHCTeM (7.1) n (7.2). Kpyni, o6pa3yioiii,He CTepeorpacJuinecKHe 
aTjiacbi TpaeKTopiifi CHCTeM (7.1) n (7.2), nocTpoeHbi Ha puc. 7.2. 

IIpHMep 7.2. TpaeKTopHHMH cucTeMbi ,I(ap6y [10] 

^jr = ~ V ~ x(x 2 + y 2 - 1), = x- y(x 2 + y 2 - 1) (7.3) 

dt dt 

hbjihiotch [9; 1] KpiiBbie, 3a,a,aHHbie ypaBHeHiieM 

2 2 

, X X y —2 ex pf — 2 arctg —\=C, - oo ^ C ^ + oo, 

1 — ar — y z \ xJ 

epe^H KOTOpbIX COCTOHHIie paBHOBeCIIH 0(0,0) (neyCTOHHHBblH (JlOKyc) H yCTOHHHBblH npe- 
flejibHbiii u,hkji x 2 + y 2 = 1 . 

TpaeKTopiiHMii CTepeorpacJuinecKH conpHJKeHHoli CHCTeMbi 

^ = 16rt — u 3 — u 2 v — uv 2 — v 3 , -777 = 16u + u 3 — u 2 v + uv 2 — v 3 , (7.4) 

dO d0 

iyje (u 2 + v 2 )d6 = dt, hbjihiotch KpHBbie, 3a,a,aHHbie ypaBHeHiieM 

\ -— expf - 2 arctg -) = C*, - oo ^ C* < + oo, 160* = O, 

u z + v z — 16 V u / 

cpeflll KOTOpbIX COCTOHHIie paBHOBeCIIH 0*(0,0) (HeyCTOHHIIBblH flHKpHTHHeCKHH y3ejl) H 
ycTOHHHBbili npe^ejibHbiii u;hkji u 2 + v 2 = 16. 

Ha puc. 7.3 H3o6pa»ceHbi TpaeKTopim Ha ccjiepe (1.1) CTepeorpacjMiHecKii B3aHMOconpH- 
HceHHbix flii4)4)epeHii,iiajibHbix ciicTeM (7.3) h (7.4). Kpyni, o6pa3yioHi;He cTepeorpacjiHHecKiie 
aTjiacbi TpaeKTopiiii ciicTeM (7.3) h (7.4), nocTpoeHbi Ha pnc. 7.4. 




IIpHMep 7.3. 3aMeHoii x Ha x — 1, y Ha y cnereMy (7.3) npiiBOflHM k cncTeMe ^apOy 

— = — 2x — y + 3x 2 + y 2 — x{x 2 + y 2 ), — = — 1 + x + 2 xy — y(x 2 + y 2 ). (7.5) 

dt dt 
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KpiiBbie ceMeficTBa 

- 2 expf - 2 arctg —= O, - oo 5^ O ^ + oo, 

1 — (x — l) z — y z \ x—l/ 

HBJIHIOTCH TpaeKTOpilHMH CHCTeMbi (7.5). n P H 3TOM COCTOHHIie paBHOBeCHH ^4(1,0) 
HeycTOHHiiBbiii (J)OKyc, a OKpyiKHOCTb (x — l) 2 + y 2 = 1, npoxo^HmaH nepe3 Hanajio ko- 
op,a,HHaT 0(0,0), cyTb ycToiiHiiBbiii npe^ejibHbifi hhkjt cucTeMbi (7.5). 

TpaeKTopHHMii CTepeorpacjaiHecKii conpHHteHHOH CHCTeMbi 

= 16 u — 12 u 2 + 4x 2 + 2 u 3 — u 2 v — 2 uv 2 — v 3 + ^ u 3 v + ^ uv 3 , 
du 2 2 

(7.6) 

— = 16v — 16 uv + u 3 + 4 u 2 v + uv 2 - u 4 4 — v 4 , 

d9 4 4 

r^e (it 2 + v 2 )d8 = dt, hbjihiotch KpiiBbie ceMeiicTBa 

-- h^exp(2 arctg - - 2 . ) = C*, -oo^O*^+oo, C* = 80, 

u — 2 \ [u — 2) z +v z — 4/ 

cpe^n KOTopbix npHMaa u = 2, HBjiaiomaaca pa30MKHyTbiM npe^ejibHbiM CTepeorpacJuinecKHM 
ip-IKJIOM, HeyCTOHHHBblH flHKpHTHHeCKIlfl y3ejl O*(0,0) II HeyCTOHHHBblH cJ)OKyc A* (4,0). 

Kpyrii, o6pa3yiomHe CTepeorpacJuinecKHe aTjiacbi TpaeKTopuft flHcJxJiepcHipiajibHbix chc- 
TeM (7.5) ii (7.6), nocTpoeHbi Ha piic. 7.5. 



IIpHMep 7.4. 3aMeHoft u Ha u + 2, v Ha v CHCTeMy (7.6) rippmo/piM k cucTeMe 


-p: = —8 u + 2 uv + 2 u 3 + 2 u 2 v — 2uv 2 + - u 3 v + - uv 3 , 

du 2 2 


^ = 4 + 4ti + 2t> 2 — u 3 + 4u 2 x + uv 2 — i n 4 + \ v 4 . 
d9 4 4 


(7.7) 


KpiiBbie ceMeiicTBa 

(u — 2) 2 + v 2 


exp 2 arctg 


4x 


u 2 + v 2 — 4 


= O*, — oc ^ C* ^ + oo, 


HBJIHIOTCH TpaeKTOpiIHMII CHCTeMbi (7.7), Cpe/1,H KOTOpbIX npHMaH U = 0, HBJIHIOIII,aHCH pa30- 
MKHyTMM npe,n,ejibHbiM CTepeorpacJiiiHecKiiM ii;hkjiom, HeycTOHHHBbiii ^HKpHTHHecKHH y3eji 
vl 1 ( — 2, 0) h HeycToiiHiiBbiii cjjoKyc A 2 { 2,0). 
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TpaeKTopnaMH CTepeorpac^HaecKii conpHxceHHoii cucTeMbi 

^ — 32x — 8 xy + 8x 3 — 8 x 2 y — 8 xy 2 — 2 x 3 y — 2 xy 3 , 

at 

= — 16 — 16x — 8 y 2 + 4x 3 + 16 x 2 y — 4 xy 2 + x 4 — y 4 , 
at 


(7.8) 


rfle (x 2 + y 2 )dt = d6 , hbjihiotch xpHBbie ceMeftcTBa 


(x — 2) 2 + y 2 


x 


exp (2 arctg 


4 y 


4 — x 2 — y- 


= C*, - oo ^ C* ^ +oo, 


cpe^n KOToptix npsMaa x = 0, HBjimomaaca pa30MKHyTbiM npe,n;ejibHbiM CTepeorpacJaiaecKHM 
nHKjioM. HeycTOHMiiBbiii flHKpHTHHecKHii y3eji A\{ — 2,0) h HeycTOHHHBbili (J)OKyc 7^(2, 0). 

Kpyrn, o6pa3yK>in;He CTepeorpa4)iiHecKHe axnacbi TpaeKTopnii ,zi;Hcj34)epeHpiia.iibHbix ch- 
CTeM (7.7) h (7.8), nocTpoeHbi Ha pnc. 7.6. 




Piic. 7.6 


8. CHMMeTpHHHOCTb tJja30Boro nojia HanpaBJieHHH 
CTepeorpacJjHHecKH conpajKeHBix flHcJicJjepeHpHajiBHbix chctcm 

Ha ocHOBaHiiii aHajiiiTiinecKiix ycjiOBiiii CHMMeTpHHHOCTH 4>a30Boro nojia HanpaBjieHim 
fliicJxJiepcHpiiajibHOH CHCTeMbi [11; 1] nojiynaeM KpiiTepiin CHMMeTpuHHOCTii rjw CTepeorpa- 
cJarieCKii conpajKeHbix ^HcJxJiepeHpHajibHbix CHCTeM. 

Cbohctbo 8.1. PaenooujibHUMU nejuimmcn CAedymxpue ymeepafcdenuA: 

1 . 0a3oeoe none nanpaeAenuu cucmeMU (D) cuMMempunno omnocumeAtno nanana ko- 
opduHam <fia3oeou nAOCKoemu Oxy, 

2. BunoAHuemcA moatedeemeo 

X(x,y)Y( - x, - y) - X( - x, - y)Y(x,y) = 0 V(x,y) € M 2 ; 

3. Oa3oeoe none nanpaeAenuu cucmeMU (3.3) cuMMempunno omnocumeAbno nanana ko- 
opduHam <fia3oeou nAOCKoemu 0*uv; 

4. BunoAHAemcn m.owcdecmeo 

U(u,v)V( — u, — v) — U( — u, — v)V(u,v) = 0 V(u,v) G M 2 . 

HanpiiMep, Taxon CHMMeTpiiHHOCTbio o6jia,naioT (J)a30Bbie nojia HanpaBJieHHH CTepeorpa- 
cfiHHecKii conpajKeHHbix cucTeM (4.4) h (4.5) npn a 0 = b 0 , (5.1) h (5.2), (5.3) 11 (5.4), (5.5) h 
(5.6), (5.7) h (5.8), (5.9) h (5.10), (5.11) h (5.12), (7.1) h (7.2), (7.3) h (7.4). 

Cbohctbo 8.2. PaenocuAbnuMU neAntomcn CAedytoiyue ymeepafcdenuA: 

1. 0a3oeoe none nanpaeAenuu du^epenyuaAbnou cucmeMU (D) cuMMempunno orrmocu- 
meAbHO Koopdunamnou ocu Ox\ 
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2. Bunojmnemctt mootcdecmeo 

X(x,y)Y(x, -y)+X(x, -y)Y(x,y) = 0 V(x,y) G M 2 ; 

3. 0a3oeoe none nanpaeAenuu dutfxftepenyuaAbHou cucmeMU (3.3) cuMMempuuno orrmo- 
cumejibHO Koopdunamnou ocu 0*w, 

4. BunoAnnemcn moatcdecmeo 

U(u,v)V(u, — v) + U(u, — v)V(u,v) = 0 V(u,v) G M 2 . 

HanpuMep, Tanon CHMMeTpiiHHOCTbio o6jia,a;aioT cj3a30Bbie nojin HanpaBjieHiiii CTepeorpa- 
(JninecKH conpHJKeHHBix flHcJ)4)epcHLi,iiajibHBix CHCTeM (4.4) n (4.5) npn a 0 b 0 = 0, (5.1) h 

(5.2), (5.3) h (5.4), (5.7) h (5.8), (5.9) n (5.10). 

Cbohctbo 8.3. PaenocuJibHUMU nejunomcn CAedymipue ymeepofcdenuA: 

1 . 0a3oeoe noAe nanpaeAenuu du^x^epenyuaAbnou cucmeMU (D) cuMMempuuno omnocu- 
meAbHo Koopdunamnou ocu Oy ; 

2. BunoAHAemcA m.ootcdecmeo 

X(x,y)Y(- x,y) + X(- x,y)Y(x,y) = 0 V(x,y) G M 2 ; 

3. 0ci3oeoe none nanpaeAenuu ducjicjiepenyuaAbHou cucmeMU (3.3) cuMMempuuno omno- 
cumeAbno Koopdunamnou ocu 0*v; 

4. BunoAHnemcn mootcdecmeo 

U(u,v)V( — u, v) + U( — u,v)V(u,v) = 0 V(u,v) G M 2 . 

HanpuMep, TaKoii CHMMeTpiiHHOCTbio oGjia^aioT (J)a30Bbie nojin HanpaBjieHHH CTepeorpa- 
(J)HHecKH conpHx-ceHHbix flHcJx^epeHpnajibHbix chctbm (4.4) h (4.5) npn a 0 b 0 = 0, (5.1) h 

(5.2), (5.3) h (5.4), (5.7) n (5.8), (5.9) n (5.10). 

Cbohctbo 8.4. PaenocuAbnuMU neAAwmcA CAedymiu^ue ymeepomdenuA: 

1. 0a3oeoe noAe nanpaeAenuu du^x^epenyuaAbnou cucmeMU (D) cuMMempuuno omnocu- 
meAbno npAMou y = x; 

2. BunoAHnemcn mootcdecmeo 

X{x,y)X(y,x ) - Y(x,y)Y(y,x) = 0 V(a :,y) G M 2 ; 

3. 0a3oeoe none nanpaeAenuu ducficfiepenyuaAbnou cucmeMU (3.3) cuMMempuuno omno- 
cumeAbno npAMou v = k ; 

4. BunoAnnemcA moatcdecmeo 

U(u,v)U(v,u) — V(u,v)V(v,u) = 0 \/(u,v) G M 2 . 

HanpuMep, Tanon CHMMeTpiiHHOCTbio o6jia,u;aioT 4)a30Bbie nojin HanpaBjieHiin CTepeorpa- 
cJ)nnecKH conpiDKeHHbix flncJ^cpeHpHajibHbix cncTeM (4.4) n (4.5) npn |a 0 | = |6 0 |, (5.1) n 

(5.2), (5.3) h (5.4), (5.7) h (5.8), (6.1) n (6.2), (6.3) h (6.4). 

Cbohctbo 8.5. PaenocuAbnuMU neAAwmcn CAedymiyue ymeepotcdenuA : 

1 . 0a3oeoe noAe nanpaeAenuu dwfxfiepenyuaAbnou cucmeMU (D) cuMMempuuno omnocu- 
meAbno npAMOu y = — x; 

2. BunoAHuemcn mootcdecmeo 

X( - x, - y)X(y,x) - Y( - x, - y)Y(y,x) = 0 V(x,y) G M 2 ; 

3. 0a3oeoe none nanpaeAenuu dutfxftepenyuaAbHou cucmeMU (3.3) cuMMempuuno omno- 
cumeAbno npuMou v = — it; 

4. BunoAnnemcn m.ootcdecmeo 

U( — u, — v) U(v, u) — V{ — u, — v)V(v,u) = 0 V(«, v) G M 2 . 
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HanpHMep, TaKoii CHMMeTpiiHHOCTbio o6jia,naiOT cJ)a30Bbie nojra HanpaBjieHiifi CTepeorpa- 

4>iiHecKn conpHJKGHHBix flHcJxJiepeHipiajibHbix cucTeM (4.4) h (4.5) npii |a 0 | = |6 0 |, (5.1) ii 
(5.2), (5.3) h (5.4), (5.7) h (5.8). 

9. BecKOHeMHO yn,ajieHHoe cocTOHHHe paBHOBecHH 

B cooTBeTCTBiin co cboiictbom 6.2 6ecKOHeHHO yflajieHHaa tohkb M ^ pacnmpeHHori cj)a- 
30B0II njIOCKOCTH Oxy HBJiaeTCH COCTOHHHeM paBHOBeCHH CHCTeMBI (D), eCJIH II TOJIBKO eCJIH 
TOHKa O*(0, 0) HBJiaeTCH COCTOHHIieM paBHOBeCHH CHCTeMBI (3.3), IipHHeM y COCTOHHIIH paB¬ 
HOBeCHH Mqq H O* OflHH H TOT HCe BII/I,. 

IIoBe/i,eHHe TpaeKTopiiii CHCTeMbi (D) b OKpecTHOCTii 6ecKOHenHO yuajieHHoii tohkii 
pacniHpeHHOH (J)a30B0H njiocKOCTii Oxy onpe^ejiHeTCH noBe^emieM ee TpaeKTopiiii b OKpecT- 
hoctii 6ecKOHeHHO y^ajieHHOii npHMOii npoeKTHBHoii 4>a30Boii njiocKOCTii PR(aj,y) [12; 1]. 

llycTb L — GecKOHeaHO yzjajieHHoe cocTOHHiie paBHOBeciiH CHCTeMbi (D) Ha npoeKTHBHoii 
cJ)a30B0H njIOCKOCTH PR(x,y). CeKTopbi BeH^HKCOHa coctohhiih paBHOBeciiH L pas/jejiHM 
Ha ^Ba BH^a: BHyTpeHHiie h BHcniHiie. Tohkh 6ecKOHenHO y^ajieHHOH npHMoii npoeKTHBHoii 
4)a30B0ii njIOCKOCTH PR(x,y), Jiexcamiie b npoKOJiOToii OKpecTHOCTii coctohhhh paBHOBeciiH 
L, npiiHafljieJKaT bhchihiim ceKTopaM BeH^iiKCOHa ii He npHHaflJiejKaT BHyTpeHHiiM ceKTopaM 
BeH^HKCOHa. Ilpn stom HMeeT MecTO 

Cbohctbo 9.1. BnympeHneMy cenmopy BenduKcona cocmosmun paenoeecuw L coom- 
eemcmeyem ceumop BenduKcona cocmonnun paenoeecun M^ maKozo wee euda c rnciKUM 
wee HanpaejienueM deuwceniui edojit mpaeKmopuu. 

BHeuiHiie ceKTopbi BeH^HKCOHa 6ecKOHCHHO y^ajieHHbix coctohhhh paBHOBeciiH npoeKTHB¬ 
Hoii 4)a30B0II njIOCKOCTH PR(x, y) CTHTHBaiOTCH, o6pa3yH CeKTOpbl BeHflHKCOHa 6eCKOHeHHO 
y^ajieHHoro coctohhhh paBHOBeciiH pacumpcHHOii cJ)a30B0H njIOCKOCTH Oxy. Ilpn 

3tom cym,ecTBeHHoe 3HaneHiie HMeeT to, hto [12; 1] y npoeKTHBHO Heoco6oii CHCTeMbi (D) 
6ecKOHenHO yuajieHHaH npHMan npoeKTHBHoii 4)a30B0H njiocKOCTii PR(x, y ) coctoiit H3 Tpa- 
eKTopHH. 3to no3BOjineT yKa3aTb cjie^yiomHe 3aKOHOMepHOCTH. 

llycTb L j h L 2 — coccjniiie GecKoircmo yjiaJienniie coctohhhh paBHOBeCHH Ha OKpyjK- 
hocth npoeKTHBHoro Kpyra PK(x,y) [12; 1] CHCTeMbi (D). 

Cbohctbo 9.2. Ec.au y npoeKmueno neoco6ou cucmeMU (D) CMewenue eneumue cemo- 
pu BenduKcona cocmonnuu paenoeecuw L l u L 2 : a) napa6oAuuecKue ; 6) zunep6oAuuecKue ; 
e) odun — napa6oAuuecKuu, dpyzou — zunep6oAuuecKuu‘, z) odun — zunep6oAunecKuu, dpy¬ 
zou — 9AAunmuy,ecKuu, mo ohu emmueammen e: a) dMunmuuecKUU ; 6) zunepSoJiuuecKuu ; 
e) napa6oAuuecKuu\ z) ojuiunmuuecKuu cenmop BenduKcoua cocmosmuA paenoeecun 
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IIpHMep 9.1. Ha npoeKTiiBHoii 4 )a 30 Boii njiocKOCTH PM(x,y) y fliKjxJiepeHpiiajibHOH 
CHCTeMBi [5, c. 84 — 85; 1 ] 


dx 

dt 


= 1 — x 2 — y 2 , 


dy 

dt 


= xy — 1 


(9.1) 


cyjHO cocTOHHiie paBHOBecHH — y3eji, KOTopoe jiejKHT Ha «KOHu;ax» och Ox. 

CocTOHHiie paBHOBecim O*(0,0) CTepeorpacJ)iiHecKii coiipHnceHHoii CHCTeMbi 

— = 4 u 4 — 8 u 2 v 2 — 4v 4 — - u 6 + - u 5 v — - u 4 v 2 + u 3 x 3 + - u 2 v 4 + - uv 5 + - x 6 , 

d6 4 2 4 4 2 4 


(9.2) 


dv 

d9 


= 12x 3 V + 4 uv 3 — —u e — —u 5 V 7 u 4 v 2 — X 3 V 3 + — u 2 v 4 — — UV 5 + — V 


1 

4 


1 

4 


6 

4 " ’ 


r^e ( u 2 + x 2 ) 2 dO = dt, coctoht ii3 ^Byx sjuinnTHHecKHx ceKTopoB, pa3flejieHHbix ^ByMH 
napaGojiHHecKHMii ceKTopaMH (cbohctbo 9.2, cjiynaii a). yniiTbiBan KanecTBeHHoe iiccjie^o- 
BaHiie [1] noBefleHHH TpaeKTopnft CHCTeMbi (9.1), Ha puc. 9.1 nocTpoeHbi Kpyni, oSpasyionpie 
CTepeorpac|)HHecKHe araacbi TpaeKTopiiii cucTeM (9.1) h (9.2). 

IIpHMep 9.2. ^Hcj^epempiajibHaH CHCTeMa [13, c. 61 - 65] 
dx dv 

2 — = 2y + i(x - iy) q - i (x + iy) q , 2—=-2 x + (x - iy) q + (x + iy) q (9.3) 

npn i = \J — 1, q = 4 h q = 5 HBjiaeTca npoeKTHBHO Heoco6oii [12], a Bee 6ecKOHeHHo 
yflajieHHbie coctohhiih paBHOBecHH Ha npoeKTiiBHoii (J)a30B0H njiocKOCTH PM(x, y) hbjihiotch 
y3JiaMH (cm. puc. 2.12 H3 [13, c. 65] iljih pnc. 8.9 h 8.10 H3 [12]). 
n P H <7 = 4 CHCTeMa (9.3) HMeeT bh/i, 


dx o o dy a 99 a 

— = y + 4 x y — 4 xy , — = — x + x — ox y + y , 

at dt 

a CTepeorpacJniHecKii conpHJKeHHOH k Hell HBjineTCH CHCTeMa 
du 

— = x( — 384x 5 + 1280x 3 x 2 — 384xx 4 + x 8 + 4x 6 x 2 + 6 x 4 x 4 + 4x 2 x 6 + x 8 ), 

du 


(9.4) 


(9.5) 


dx 

dd 


= 64x 6 — 960x 4 x 2 + 960x 2 x 4 — 64x B — x y — 4u‘v 2 — 6 u b v 4 — 4 x 3 x B — xx 8 , 


,4„,2 


, 2,.,4 


6 _„,9 _ /l„,7„.2 _ c„,5„,4 _ /i„,3„,6 _ „,„,8 


Tfle (u 2 + V 2 ) 4 d0 = dt. 

n P H q = 5 CHCTeMa (9.3) HMeeT bh/i; 

dx a dv 

— = y + 5x 4 y — 10x 2 y 3 + y 5 , — = — x + x 5 — 10x 3 y 2 + 5xy 4 , (9.6) 


a CTepeorpacJniHecKii conpH/Keinioit k Heft HBjineTCH CHCTeMa 
du 

— = x(—1792x 6 +8960x 4 x 2 —5376x 2 x 4 +256x 6 +x 10 +5x 8 x 2 +10it 6 x 4 +10x 4 x 6 +5x 2 x 8 +x 10 ), 
du 

(9.7) 

dv 

— = x(256x 6 - 5376x 4 x 2 +8960xV - 1792x 6 - x 10 - 5xV - 10x 6 x 4 - 10x 4 x 6 - 5xV -x 10 ), 

du 

pqe ( u 2 + x 2 ) 5 d6 = dt. 

CorjiacHO CBoiicTBy 9.2 cocTOHHiie paBHOBecun O*(0,0) KaK fliKjxJiepeHipiajibHoft cncTe- 
Mbi (9.5), Ta.K h flii4)4)epeHH,iiajibHOH CHCTeMbi (9.7) coctoht H 3 sjuiHnTHHecKHx ceKTopoB BeH- 
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flHKCOHa. Kpyrn, o6pa3yiomHe CTepeorpacjniHecKHe araacbi TpaeKTopiiii flHc^c^epeHpiiajibHbix 
CHCTeM (9.4) n (9.5), nocTpoeHbi Ha puc. 9.2, a Kpyrn, oGpasyioiipie CTepeorpacJuinecKHe aT- 
jiacbi TpaeKTopHH fliicjjcJjepeHi^iiajibHbix CHCTeM (9.6) n (9.7), nocTpoeHbi Ha puc. 9.3. 



Puc. 9.2 



IIpHMep 9.3. Ha ripoeKTHBHon cjpa30Bon njiocKocTH PR(x,y) y flHcJ)4)epeHu,HajibHOH cn- 
GTeMbi [5, c. 85 - 87; 14, c. 209 - 212] 

dx n 0 dv * . 

— =-l + x 2 + y 2 , —=-5 + 5 xy (9.8) 

Tpii coctohhhh paBHOBecnn: ce.zpio, jiencamee Ha «KOHu;ax» npnMon y = 0, h flBa ycTonmiBbix 
y3Jia, oflHO H3 KOTopbix jieJKHT Ha «KOHu;ax» npHMoii y = — 2x, a ,apyroe jienaiT Ha «KOHH,ax» 
npHMoii y = 2x. 

y CTepeorpacJiHHecKH conpjDKeHHon cncTeMbi 


= — 4 it 4 — 40u 2 ?; 2 + 4v 4 + \ u 6 + - u 5 v + - u 4 v 2 + 5 u 3 v 3 — \ u 2 v A + - uv 5 — \ v 6 , 

dO 4 2 4 4 2 4 


(9.9) 


dv 

d6 


= 12v?v — 28 uv 3 — - it 6 H— u 5 i; — - u 4 v 2 + u 3 i; 3 + - u 2 v 4 H— iru 5 + - u 6 
4 ' 


5 

4 


5 

4 


r,n,e (u 2 + v 2 ) 2 dd = dt, cocTOHHne paBHOBecnn O*(0,0), cocTomn,ee 113 flByx ajuiHnTiiHecKnx 
h +Byx napa6ojiHHecKHX ceKTopoB BeH,n,HKCOHa (cbohctbo 9.2, cjiynan a h b). yniiTbiBan 
KanecTBeHHoe iiccjie^OBaHHe [1] noBefleHHH TpaeKTopnii cncTeMbi (9.8), Hapuc. 9.4 nocTpoeHbi 
Kpyrn, o6pa3yiomHe CTepeorpacJiHHecKHe aTjiacbi TpaeKTopnn cncTeM (9.8) n (9.9). 
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Cbohctbo 9.3. Ecjiu zpanunnan OKpycHcnocmb npoeKmuenozo Kpyza PK(x,y) nepece- 
Kaemcn Kawcdou mpaeKmopueu npoeKmueno ocoSou cucmeMU (D) opmozonajibno, mo 6ecKO- 
neuno ydajiem-ioe cocmoanue paenoeecun nennemcn duKpumuuecKUM y3JiOM. 

TaKoii, HanpiiMep, HBjineTCH /picj^epeHipiajiBHaH cncTeMa ,3,ap6y (7.3), npoeKTHBHbiii aT- 
jiac TpaeKTopufi KOTopoii nocTpoeH Ha puc. 16.3 H3 [1], a cTepeorpacjiHHecKHH aTjiac TpaeK- 
TopHH nocTpoeH Ha puc. 7.4. 

IIpHMep 9.4. B [11; 1] KanecTBeHHO uccjieflOBaHO noBe^eHiie TpaeKTopufi Ha npoeKTiiBHoii 
cJ)a30B0H njiocKOCTH PM(x, y) n nocTpoeHBi npoeKTHBHBie aTjiacbi TpaeKTopuft ciiCTeM 

dx dij . . 

— = -y + x 3 , —=x(l +xy), (9.10) 

^ = x(x 2 + y 2 — l)(x 2 + y 2 — 9) — y(x 2 + y 2 — 2x — 8), 

^ = y(x 2 + y 2 — l)(x 2 + y 2 — 9) + x(x 2 + y 2 — 2x — 8), 

^ = x(2x 2 + 2 y 2 + 1) ((x 2 + y 2 ) 2 + x 2 - y 2 + - y{ 2x 2 + 2 y 2 - 1), 

^ = y{ 2x 2 + 2 y 2 - 1) ((x 2 + y 2 ) 2 + x 2 - y 2 + + x(2x 2 + 2 y 2 + 1). 


(9.12) 


(9.11) 


r paHHHHyio OKpyjKHOCTB npoeKTiiBHoro Kpyra PK(x,y) TpaeKTopmi KajK^ofi H3 bthx 
CHCTeM nepeceKaioT opToroHajiBHO. 

CTepeorpacJuinecKH conpajKeHHBiMii k CHCTeMaM (9.10), (9.11), (9.12) cooTBeTCTBeHHO hb- 

JI5HOTCH CHCTeMBI 

— 7 = — (16u 3 + u A v + 2 u 2 v 3 + v 5 ), — = u{ — 16 uv + u A + 2 u 2 v 2 + x 4 ), (9.13) 

dO dO 

iyje (u 2 + v 2 ) 2 d 6 = dt , 


—jr = — 256it + 160u 3 — 16n 2 x + 160iix 2 — 16x 3 + 8 u 3 v + 8 uv 3 — 
dO 


— 9 vr + 8 u v — 18 vrv + 16 u v 6 — 9 uv + 8v°, 
dz) 

— = — 256x + 16u 3 + 160 u 2 x + 16 uv 2 + 160x 3 — 8u 4 — 8 u 2 v 2 — 
dO 

— 8 u 5 — 9 u A v — 16 u 3 v 2 — 18n 2 x 3 — 8 uv A — 9v 5 , 


(9.14) 


rfle ( u 2 + v 2 ) 2 dO = dt, 
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= — 819244 — 768u 3 + 1280m; 2 — — u 5 — 32 u A v + u 3 v 2 — 64 it 2 v 3 — 

do 5 5 

256 A r 1 ly 1 c Q >1 O 1 Q /I Q c 3 f? ly 

-— uv — 32v — — u — 3 u v + — uv — 5 uv + - uv — uv + — uv + v , 

5 10 10 2 10 


(9.15) 


dv o q k 256 , o n 288 0 „ 

— = — 8192V — 128044 2 v + 768v 3 + 3244 s -44 4 v + 6444 3 v 2 H - u 2 v 3 + 

at1 5 5 


96 3 1 1 1 

+ 3244V 4 -V 5 + 44 7 - U 6 v — 44 S V 2 -44 4 V 3 — 544 3 V 4 -44 2 V 5 — 344V 6 ~\ -V 7 , 

5 10 2 10 10 

yzje (u 2 + v 2 ) 3 d6 = dt. 

Kpyrn, o6pa3yiomHe CTepeorpacJiiHiecKHe aTjiacbi TpaeKTopiiii ^H^cJjepcHpiiajibHbix 
CHCTeM (9.10) h (9.13), nocTpoeHbi Ha puc. 9.5, fliicjicjiepeHpiiajibHbix cucTeM (9.11) h (9.14) 
— Ha puc. 9.6, ^iKjxJiepeHpHajibHbix CHCTeM (9.12) h (9.15) — Ha pnc. 9.7. 
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